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Abstract 

We use operator algebras and operator theory to obtain new result concerning Berezin quanti¬ 
zation of compact Kahler manifolds. Our main tool is the notion of subproduct systems of finite¬ 
dimensional Hilbert spaces, which enables all involved objects, such as the Toeplitz operators, to be 
very conveniently expressed in terms of shift operators compressed to a subspace of full Fock space. 
This subspace is not required to be contained in the symmetric Fock space, so from finite-dimensional 
matrix algebras we can construct noncommutative manifolds with extra structure generalizing that 
of a projective variety endowed with a positive Hermitian line bundle and a canonical Kahler metric 
in the class of the line bundle. Even in the commutative setting these constructions are very fruit¬ 
ful. Firstly, we show that the algebra of smooth functions on any smooth projective variety can be 
quantized in a strong sense of inductive limits, as was previously only accomplished for homogeneous 
manifolds. In this way the Kahler manifold is recovered exactly from quantization and not just ap¬ 
proximately. Secondly, we obtain a strict quantization also for singular varieties. Thirdly, we show 
that the Arveson conjecture is true in full generality for shift operators compressed to the subspace 
of symmetric Fock space associated with any homogeneous ideal. For noncommutative examples 
we consider homogeneous spaces for compact matrix quantum groups which generalize g-deformed 
projective spaces, and we show that these can be obtained as the cores of Cuntz-Pimsner algebras 
constructed solely from the representation theory of the quantum group. We also discuss interesting 
connections with noncommutative random walks. 
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1 Introduction 


With motivations from physics, Berezin introduced a way of approximating certain compact Kahler 
manifolds M by finite-dimensional matrix algebras parameterized by m G No [Berel], [Bere2], 

[CGRl], [Schll], [Lan2]. When M = G/K is a homogeneous space of some Lie group G, each Hilbert 
space Sjm carries an irreducible representation of G, and it is obtained by the Borel-Weil construction: 
Sjrn is the space of holomorphic sections of a suitable line bundle L®™ over M. 

In order to apply Berezin quantization to quantum physics, the parameters (time or temperature 
or energy etc.) should be chosen such that the limit m —>■ oo simplihes the description of the system 
at hand. This is a powerful method; for instance it gives the Hartree-Fock approximation as a special 
case [Rajl]. The limit behavior is captured by a classical (compact Kahler) manifold M. 

Nowadays it is however becoming more and more important to have a versatile theory of open 
quantum systems. Recently we observed how to obtain a simplifying infinite-m limit in the standard 
framework of quantum channels as driving the evolution of open quantum systems [An4, An5]. It so 
happens though, that the infinite-m system is (in general) not given by a classical manifold, but by 
a noncommutative manifold, i.e. there is a noncommutative algebra (^“(M) which is supposed to 
encode the properties of the dynamics and which is a surprisingly good analogue of the commutative 
algebra G°°{M) of smooth functions on a compact manifold M. Here we use the symbol M for a 
nonexisting object defined by the algebra (^“(M), while M denotes an honest manifold. 

The “noncommutative Kahler manifolds” M appearing in this way generalize only a special kind 
of compact Kahler manifolds, namely (complex) projective manifolds M C CP"“^ (also singular 
varieties can occur though). The C'*-algebras (^(M) defining these noncommutative manifolds will 
be constructed in such a way that they possess a lot of extra structure generalizing that complex- 
analytic structure, a positive line bundle and a Kahler metric. 

In the classical setting of Berezin quantization of smooth projective varieties, our main new result 
is that we can obtain G°°{M) operator-algebraically as an inductive limit. In this way the algebraic 
structure of G°°{M) is not merely approximated by finite-dimensional matrix algebras via Toeplitz 
operators, but also via covariant symbols and we can take an actually limit to recover G°°{M) 
completely, together with a canonical Kahler metric on M obtained as an inductive limit of tracial 
states. These constructions work only when the “Berezin transforms” converge to the identity map 
on and our result relies on an idea of how this can be accomplish without assuming that the 

projective manifold M is “balanced”. We refer to §3.2 for a detailed discussion of the commutative 
setting. 

Smooth projective varieties include in particular all coadjoint orbits G/K equipped with the 
Kirillov Kahler form and, going noncommutative, we observe that every compact matrix quantum 
group G defines such a “manifold” G/K. A “noncommutative projective variety” will be given by 
a sequence Sj, = (.^m)m6No of finite-dimensional Hilbert spaces such that ijm+z G Sjrn G for all 
m, I £ Mq. Such a sequence has been referred to as a “subproduct system” [ShSoI] and it generalizes 
the structure needed to perform ordinary Berezin quantization. Our main aim is then to show that 
the C'*-algebra (^(G/K) can be recovered from a suitably chosen Sj, via a noncommutative version 
of strict quantization. 

In fact the definition of G/K is very simple. Let G be a compact matrix quantum group with 
defining unitary representation u G M„(C) G C'(G). We let Zj := uij for j = 1,... ,n denote the 
elements of the first row of u. Then (^(G/K) is defined as the C'*-algebra generated by elements 
of the form Zj^ ■ ■ ■ zj^z/^ ''' ^ki multi-indices {ji,... ,jm) and (fci,..., km) of equal length. 

We also denote by (^(Sg) the C'*-algebra generated by Zi,. ■ ■ ,Zn (and refer to it as the “first-row 
algebra”). 

We can summarize one of the main results of this paper in the following way. Suppose that the 
compact matrix quantum group G is such that every element of (^(G/K) can be “normally ordered”, 
in the sense that all z*'s are to the right of the ZkS (this is a crucial assumption). Assume also that 
the Haar state is faithful on (^(G/K). 

Theorem 1.1. For each m G No, let Sjm be the Ftilbert space spanned by products Zj^^ ■ ■ ■ zj^ with 
inner product coming from the Haar measure on G (the sequence of Sjm’s is the “G-subproduct 
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system” Sj,). Then there are explicit injections (“Berezin covariant symbol maps”) 

4”"^ : ^ CCG/K) 

and explicit surjections (“Toeplitz quantization maps”) 

4’”^ : C(G/K) ^ B{^m) 

such that 4"^^ o 4™^ converges point-norm to the identity on C(G/IK) as m —>■ oo. This effects an 
isomorphism 

C(§g) = 

of the first-row algebra C{E>q) with the Cuntz-Pimsner algebra Of, of the subproduct system Sj,, and 
this isomorphism is equivariant for the natural ergodic actions of G and its discrete dual group G. 

Denoting by the U(l)-invariant part of Of, under the gauge action, we also have 

C(G/K)^oj°\ (1.1) 

and it is the C*-algebra 0^°^ which will occupy most of the paper. We will first realize O^^'^ as a “gen¬ 
eralized inductive limit” in the sense of [BlKil], [Hawkl], and then as a generalized projective limit 
in the spirit of [Hawkl]. Then we do the same thing for (^(G/K) to obtain the desired isomorphism 

(l-l)- 

A Berezin quantization for compact quantum groups with tracial Haar state was first considered 
in [Sain]. 

The idea of looking at the G-subproduct system was partially motivated by Woronowicz’ recon¬ 
struction of a compact matrix quantum group G from its irreducible representations [Wor3]. Since 
55, only contains a subset of all irreducible representations (in general), we recover not C'(G) but 
C(G/K). 

For a classical manifold M, with quantization defined by a line bundle L over M, elements 
of are continuous sections of the line bundle The subspace C consists of the 

holomorphic sections of the line bundle. For M = G/K a homogeneous space, the Sjm’s are irreducible 
representations of G. In general, the subspaces O^^ for fc G Z \ {0} are Hilbert modules over 0^^\ 
and for a quantum homogeneous space M = G/K each is an irreducible representation of G. In 
this sense. Of, is a kind of “Borel-Weil algebra” for G (cf. [Segl, Thm. 14.1]). 

We shall also compare our results with “noncommutative random walks” on duals of compact 
quantum groups [Izl], [INTI], [Iz4]. The Toeplitz core 7^°^ plays the role of Martin compactification 

of a walk restricted to the “dual” of G/K while O^^^ is the boundary of the walk. Recalling that 
the simplest Cuntz-Pimsner algebras C(S^"“^) of functions on spheres behave like boundaries of the 
corresponding Toeplitz algebras, these observations are not too surprising. 

The inductive and projective limits mentioned above encode the data of a “strict quantization”, 
as needed to generalize the classical setting, but they are so much more convenient than just knowing 
that there is a strict quantization. The notion of subproduct systems and the associated operator 
algebras of shift operators provide a machinery for explicit calculations that has previously been 
available mainly in the case of CP"“^, where Berezin quantization and fuzzy geometry has been suc¬ 
cessfully described in terms of creation and annihilation operators (the unnormalized shift operators) 
(see e.g. [BDLMC]). Finally, the identification of these shift-operator algebras with inductive limits 
allows us to solve the ten years-old Arveson conjecture. 

Acknowledgment. The author thanks Adam Rennie for great comments, support and inspiration. 
Many thanks also to Orr Shalit and Guy Salomon for finding an important error in an earlier version 
of this paper. We thank Orr Shalit also for other remarks of great value. 
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2 Subproduct systems 

2.1 Basic properties 

In this paper we write Nq := N U {0} = {0,1,2,...}. 

Definition 2.1. [[ShSol, Def. 6.2]] A subproduct system is a sequence il, = (ilm)meNo of finite¬ 
dimensional Hilbert space such that ilo = C and 

Sjm+l ^ Sjl, Vto, ZGNq. (2.1) 

We shall always denote by and, throughout this paper, n G N will always be the dimension 
of i3, 

Example 2.2. Given a finite-dimensional Hilbert space Sj, we set Sj^n ■= for each m and refer to 
it as the “product system” associated with Sj. Another example of a subproduct system is obtained 
by taking ■= to be the mth symmetric power of Sj; this is the “symmetric subproduct 

system”. 

Definition 2.3. A subproduct system is commutative if Sjm C for all m G Nq. 

Lemma 2.4. [[ShSol, Lemma 6.1[[ Let Sj, he a subproduct system. Then the projections Pm ■ 
satisfy 

Pl{Pm ®Pl-m)pi =Pl = Pl{pi-m ® Pm)pi (2.2) 

whenver m <1. 

Proof. Replacing I hy I — m for m < I, the condition (2.1) reads 

^i-m, \/m<l € No. (2.3) 

Writing (2.3) in terms of projections, 

Pi < Pm®Pl-ra, 

the result is clear. □ 

Definition 2.5. The Fock space associated with a subproduct system Sj, is the Hilbert space 

mGNo 

We regard as a subspace of full Fock space := and denote by pn = X(m6No 

the projection from onto .^n. Thus pn is the identity in H(.^n), just as Pm is the identity in 

Example 2.6. If Sj, = .^®* is the product system over a fixed Hilbert space Sj then is the full 
(or “Boltzmannian”) Fock space .^®N over S). 

Example 2.7. If is the full commutative subproduct system then 15^ is the symmetric 

(or “Bosonic”) Fock space := 0meNo 

Notation 2.8. We denote by C(z) = C{zi,..., Zn) the algebra of polynomials in n freely commuting 
variables. We denote by C[z] = ^j\zi ,..., z„] the algebra of polynomials in n commuting variables. 

For any polynomial f{z \,..., z„) = ia C(zi,..., z„), evaluation on the 

basis Cl,..., e„ for = Sji defines an element in Fock space, 

/(ei,...,e„) := ^ G • • • G G 

and / is homogeneous iff 

/(ei,..., e„) G i^®™, for some m G Nq. 
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Lemma 2.9. Every subproduct system Sj, — (iOm)meNo defines a homogeneous ideal in C{z), where 
n = dim(io). Conversely, every homogeneous ideal in C(z) corresponds to a subproduct system 
[ShSol, Prop. 7.2]. For commutative subproduct systems the same is true with C[z] instead [DRSl, 
%2.3]. 

Sketch of proof. Given define a homogeneous ideal X in C(z) by 

I := {/ G C(z)|/(ei,..., e„) G 0 for some m G Nq}. 

Conversely, given a homogeneous ideal X, we associate the Hilbert spaces 

:=iO®™e{/(ei,...,e„)|/Gl(”^)}, 
where is the degree-m component of X. 

2.2 Toeplitz algebras 

Having fixed a subproduct system we shall always denote by Si,..., Sn the operators on Fock 
space defined by 

Sk]^ ■— Pm+l{^k 0 G 

for all m G Nq, where Pm+i ■ —>■ Sj^n+i is the orthogonal projection. They are the com¬ 
pressions to of the left shifts ■(/> —>■ 0 ■(/> on full Fock space For more about compressed 

n-tuples of shift operators, see [Popl], [Pop2], [ShSol], [DRSl], [DRS2]. 

Definition 2.10. The Toeplitz algebra of a subproduct system Sj, is the unital C'*-algebra of 
operators on generated by the shifts Si,..., S'„. 

The adjoint S]. of Sk preserves the subspace .Qn so S], is just the restriction to Ion of the backward 
shift on 

Definition 2.11. The vacuum state on the Toeplitz algebra Tq is the restriction £ : Tij —>■ C of 
the vector state on defined by the unit vector D G ijo = C. That is, 

i{x) := {n\xn), yx g h(%). 

If po denotes the unit in B{Sjo) then 

Xpo = eiX)po = poX, yx G B{Son). (2.4) 

Notation 2.12. Let F+ be the free unital semigroup generated by n elements 1,... ,n (the empty 
word 0 is the identity in F+). We write a word k G F+ as k = fci • • • /cm and refer to |k| := m as the 
length of k. For the shifts Si, ... ,Sn and the basis vectors ei,..., e„ we then write 

o o o c* / o c* o* 

■= * * * ^km 1 ■= l-^kj = 

Ck := efci 0 • • • 0 efc„, 

and similarly for other n-tuples of elements defined below. Finally, jk := ji • • • jiki ■ ■ ■ km for j, k G F+ 
with |j| = ^ and |k| = m. 

2.2.1 The Toeplitz core 

Let N = mpm be the number operator on It generates a unitary group on 15 ^ which 
implements an action 7 , of the circle group U(l) on 7},, 

jt{Sk):=C^Sk, Ve*‘GU(1), A:G {l,...,n}, (2.5) 

referred to as the gauge action on . 

The gauge action (2.5) splits Tq into the C'*-direct sum of the subspaces 

:= {T G 7^|7t(T) = for all G U(l)}, k e Z. 

The fixed-point subalgebra 7^°^ (the Toeplitz core) will be of great importance to us. It is generated 
by polynomials in the shifts Sj and S'^ which are “homogeneous of degree zero” in the sense that 
each term contains equally many forward shifts Sj as backward shifts S]. 
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2.2.2 The right shifts 

In addition to the “sinister” shift Sk by the basis vector efc G we shall need the “rectus” shift 

Rkip ■=Pm+i{i’®ek), VV’G G No (2.6) 

acting on the same Fock space Note that Rk commutes with each Sj, and that commutes 
with each S*, but [Rj,Sl] ^ 0. 

The following formulas will be used extensively. 

Lemma 2.13. For all m,l gN with m < I we have 

E SrS:\^^=Pl= E 

|r|=m |r|=m 

In particular, 

SrS: =pf,-\n){n\. (2.7) 

Irl^m 

Proof. We have SrS*\si, =p,(|er)(es| ®pi-m)pi =P;(|er)(es| ®pi-m)pi, so 

E =7'i( E |er)(er| 

|r|=m |r|=m 

= PliPra ® Pl-m)Pl = Ph 


and similarly for the right shifts. □ 

From (2.7) we see that the vacuum projection po = |f2)(f2| belongs to the Toeplitz algebra. 
Considering multiplying po from both sides with different shift operators, it is a simple matter to 
deduce the following. 

Corollary 2.14. The Toeplitz algebra Tf, contains the C*-algebra K. of all compact operators on Fock 
space as a norm-closed two-sided ideal. 

2.2.3 Normal ordering 

In the present paper we will obtain some basic but results about the Toeplitz core, which we collect 
here for convenience. 

Lemma 2.15 (Normal ordering). Let be a subproduct system. Let As^ denote the norm-closed 
(non-*) algebra generated by the shifts Si,... ,Sn and the identity in ,B(i5N)- Then 

(i) span(^^ylj) is an algebra, 

(ii) Tsi = span(^flylj), and 
(Hi) Tfj = span(^J.Ai5 U /C). 

The proof of (i) and (ii) will be given in Lemma 4.10 and (iiii) will be obtained in §5.7. For the 
moment we just note that the C'*-algebra /C of compact operator is contained in span(^^^^). 

2.3 Cuntz-Pimsner algebras 

Definition 2.16 ([Vis2, Cor. 3.2]). The Cuntz-Pimsner algebra of a subproduct system ij, is 
the quotient of the Toeplitz algebra Tq by the ideal /C of all compact operators on 13^7 


:= Tis/ZC. 
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We denote by Zi,..., Z„ the generators of Osj, i.e. the images of the shifts Si,.. .,Sn in the 
quotient. They satisfy the sphere relation 

n 

k=l 


which suggests viewing as the “boundary” of Tfj; in the latter holds X]fc=i ^kS^. < 1, as we saw 
in (2.7). 

The formula (2.5), but with Zk replacing Sk, defines the gauge action on which gives a 
splitting 

fcez 

of Of) into spectral subspaces for this U(l)-action. 

Remark 2.17 (Known examples). The most straightforward example of a subproduct Cuntz- 
Pimsner algebra is the Cuntz algebra On, obtained from S), = i)®*. As a commutative example, Of, 
for the symmetric subproduct system was shown in [Ar 6 ] to be isomorphic to the C'*-algebra 
(^(S^"”^) of continuous functions on the unit sphere C C". Cuntz-Pimsner algebras coming 

from monomial ideals were described in [KaShl]. 

It was conjectured in [Ar 8 ] that Of, is commutative for any commutative subproduct system. 

(k) 

For any subproduct system i^,, the spectral subspaces for the gauge action on Of, are Hilbert 
C'*-bimodules over the fixed-point subalgebra 0^^\ with left and right inner products 

(e|r/)right := Cv, mieit := (2.8) 


for ^,r] e . 


3 Review of quantization of projective varieties 

Let us formulate Berezin quantization of complex submanifolds of projective n-space CP"“^ in terms 
of subproduct systems, just to make it clear how the results of the subsequent sections relate to the 
classical ones. 


3.1 Berezin quantization with prequantum condition 

Recall that Chow’s theorem says that a submanifold of projective space P[C"] = CP"“^ is a nonsin¬ 
gular (i.e. smooth) projective variety, i.e. the zero-set of some finitely generated homogeneous ideal 
in C[ 2 :i,..., z„]. These manifolds can be characterized without even referring to CP"“^ (see Lemma 
3.3 below), but for this we need to recall some complex geometry. A Kahler manifold is a pair 
(M, w) consisting of a complex manifold M and a closed nondegenerate 2-form w on M which equals 
the imaginary part of a Hermitian metric on M. 

Remark 3.1 (Poisson bracket). The Kahler form oo is in particular a symplectic (i.e. closed and 
nondegenerate) form, making M a symplectic manifold. The nondegeneracy of ui allows us to use 
the inverse to define a Poisson bracket on C°°{M) by 


{/.'?} 


:= 


dxj dxk ’ 


(3.1) 


if we denote by the coefficients of w ^ in local Darboux coordinates xj. 

Recall that for a holomorphic line bundle L with a fixed choice of Hermitian metric h, there is 
a unique connection, the “Chern connection”, which is compatible with both the metric and the 
holomorphic structure in a suitable sense [Huy, Prop. 4.2.14]. If we locally represent /i by a matrix¬ 
valued function, the curvature of this connection is given by ddlogh. 



Definition 3.2 ([BeSll, §2.1]). A compact Kahler manifold is quantizable if there is a 

holomorphic Hermitian line bundle {L,h) over M such that the curvature 99 log h of the Chern 
connection satisfies the prequantum condition 

991ogh = —(3.2) 

Then (T, h) gives a quantization of the Kahler manifold {M,oj). 

Condition (3.2) is there to ensure ensures the following. 

Lemma 3.3 ([Schl2], [BeSll, §2.1]). Every quantization {L,h) of a compact Kahler manifold (M, w) 
gives an embedding of M as a submanifold o/CP"“^ for some n G N, and hence M can be regarded 
as a projective algebraic variety (by Chow’s theorem). Conversely, every smooth projective algebraic 
variety is a quantizable compact Kahler manifold. 

Example 3.4 (The hyperplane bundle). The “tautological line bundle” over CP"“^ is the holomor¬ 
phic line bundle, usually denoted by 0{—l), whose fiber over a point in CP"“^ is the corresponding 
line in C". The dual 0{\) := of this line bundle is the hyperplane line bundle over CP"“^. 

The triple (CP"“^, 0(1), wfs), where wps is the Fubini-Study form and 0(1) is equipped with the 
Fubini-Study metric, is the prototypical example of a quantizable Kahler manifold {M,L,lo) [Schllj. 

The embedding into CP"“^ mentioned in Lemma 3.3 requires a sufficiently positive line bundle, 
and (3.2) says only that L is positive (“ample” ). It may therefore be necessary to use some tensor 
power L®™ of the line bundle L. However, by replacing L by L®"* and rescaling the Kahler form oj 
to moj we can, and shall, assume that L is itself sufficiently positive (“very ample”). 

The important requirement in Lemma 3.3 is that M admits a Kahler metric, but we do not 
need to choose one in order to an embedding of M into CP"“^ as a complex-analytic submanifold 
(similarly we do not have the choose a Hermitian metric on L). Also, if we choose a Kahler metric oj 
on M and a Hermitian metric h on L, so that we can embed M as a Kahler submanifold of CP"“^, 
there is no need to require the prequantum relation (3.2) between h and w; it is just the existence of 
metrics satisfying the prequantum condition which is needed, to ensure that there is an ample line 
bundle on M. Therefore, we will often speak of a polarized manifold, i.e. a pair (M, L) where M 
is a compact Kahler manifold (with no choice of Kahler metric) and L is a positive line bundle on M 
(which we shall assume very ample for convenience, with no choice of Hermitian metric specified). 

Let (M, w) be a compact Kahler manifold and let {L,h) be a Hermitian line bundle over M. 
The space of global holomorphic sections of L is finite-dimensional and hence made into 

a Hilbert space after fixing any inner product on H^{M]L). In Berezin quantization one looks at 
the limit of large m for the spaces H^{M] L®™) of sections of the tensor powers of L, and therefore 
the inner products on these spaces should be comparable in some way. A consequence of the fact 
that the Kahler form w is symplectic is that (where d := dime M) is a volume form on M (the 

“Liouville form”) and we can take the inner product 

f /i™((/)(x),'!/'(a;))^^^^^, G H°{M, L’^), (3.3) 

J M “■ 

where h™ is the Hermitian metric on L®™ induced by h. Note that (3.3) is determined for all m by 
the choice of inner product on H^{M]L). If {L,h) is a quantization of {M,oj) then it is reasonable 
to leave out either h or to from the notation in (•l-)/i,i.j- 

Example 3.5 (Sections of the hyperplane bundle). Recall the hyperplane line bundle 0{1) over 
P[io*] introduced in Example 3.4. Fixing a basis for = C”, the global holomorphic sections of 
the mth tensor power 0(m) of 0(1) are identified with the degree-m homogeneous polynomials on 
C". In particular, the space of holomorphic sections of 0(1) is just the space S) of continuous linear 
functionals on . If we dehne S^m to be the Hilbert space of holomorphic sections of 0{m) with 
inner product (3.3) then for L = 0(1) we simply have S)rn = (symmetrized tensor product). 
Thus, the i^m’s form the full symmetric subproduct system (see Example 2.2). 
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Let {L,h) be a quantization of and endow with the inner product (3.3). The 

Hilbert space L'^{M; of all square-integrable sections of the line bundle L®™ is much larger 

than the holomorphic subspace H^{M]U^). If H^ denotes the projection from to 

then every function / G C(M) defines an operator on H^{M]U^) by 

<?M(/)^.= n„(/0), (3.4) 

i.e. acting as multiplication by / (recall that a section of a line bundle can be multiplied by continuous 
functions to yield a new section) followed by projection back to iJ°(M; L™) (the latter step is needed 
since / is not holomorphic unless it is constant). In the case {L,h) is a quantization of {M,uj), we 
have the following. 

Proposition 3.6 ([BMS, Thms. 4.1,4.2, §5]). Let {L,h) be a quantization of a compact Kdhler 
manifold {M,uj) and define a structure of Hilbert space on by (3.3). Then the collection 

of endomorphism algebras Endc LI°(M; L™) and maps C°°{M) 9 / —>■ G EndcH°(M;L™) 

defined by (3.4) gives a strict quantization of the algebra C°°{M) in the sense of [Lanl, Def. 1.1.1], 
i.e. for all f,g G C°°{M) we have 

(i) lim^^oo = ll/ll (Rieffel condition), 

(ii) limm^oo ~ = 0 (von Neumann condition), 

(Hi) lim^^oo II(/),<?("")( 5 )] - {f,g}\\ = 0 (Dirac condition), 

and every operator in EndcH°(M;L™) is of the form ?^™^(/) for some f G C°°(M) [BMS, Prop. 
4 . 2 ]. Here {•,•} is the Poisson bracket (3.1). 

For any volume form uj'^/d\ of {M,L), we have the associated Lebesgue space L'^{M,uj). The 
algebra C{M) identifies with a subspace of L'^{M,uj). Let : B{^m) —>■ C{M) denote the adjoint 
of : C{M) -G B{Sjrn) with respect to the L^-inner product on Lf{M,u)) and the normalized 
Hilbert-Schmidt inner product on B{S^rn). 

For A G B(Sjm), the function c(™)(H) is also called the Berezin covariant symbol of A, and if 
A = c*'"‘^(/) then / is a (non-unique) contravariant symbol of A. The map 

^(m) ^ ^(m) . C°°{M) 

is the Berezin transform at level m. 

Since the Toeplitz maps are surjective by Proposition 3.6, their adjoints are injective. 
Hence we may regard the H(ijm)’s as embedded in C°°{M). One may then ask if it is possible to 
use the covariant symbols to approximate C°°{M) by finite-dimensional matrix algebras B{Sjm). 

Similar to the famous expansion of the integral kernel for the Bergman projections H^ [Zeldl], 
the Berezin transform o (fl™) has an asymptotic expansion at large m [Schll]. For homogeneous 
polarized manifolds (M, L) (namely coadjoint orbits for compact Lie groups), the Berezin transforms 
converge to the identity map on C'(M) as m goes to infinity [Rie2, Thm. 6.1]. This convergence 
result, which is stronger than the mere Toeplitz convergence in Proposition 3.6, relies on the fact 
coadjoint orbits are “balanced” (see below). 

We shall see that by changing the definition of the Toeplitz maps we can in fact obtain 
C°°{M) as an inductive limit for any polarized manifold {M,L). 

3.2 Projectively induced quantization 

The vector spaces H^{M;L'^) equipped with the inner products (3.3) do not always form a sub¬ 
product system. For that one has to choose oj and h appropriately, and for most polarized manifolds 
(M, L) one cannot choose them to satisfy the prequantum condition (3.2) at the same time. 

If we do not require that h and oj are related as in (3.2) then any two of (i) an inner product on 
H^{M;L), (ii) a Hermitian metric on L and (iii) a volume form oj^^/dl on M determines the third 
via (3.3). By the Calabi-Yau theorem [Yaul], any volume form on M can be obtained as [dl. for 
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some w in the cohomology class ci(L) (for any choice of polarization L, after normalization of the 
volume form). 

For us, the choice of inner product (-I-) on H^{M; L) will be the important input, and it will not 
matter which Hermitian metric on L and volume form on M was used to define it. 

Given a polarized manifold (M, L), a choice of basis for the n-dimensional vector space L) 

allows use to embed M into L)*]. The elements of the basis for H^{M;L) become the 

restrictions of the homogeneous coordinate functions Zi,...,Zn on F[H^{M;L)*] to the embedded 
M. Choosing an inner product (-j-) on H^{M;L) we obtain an n-dimensional Hilbert space Sj 
which after a choice of orthonormal basis identihes with C", and so M embeds into P[.^*] = CP"“^. 
Whatever inner product on we used to define the Hilbert space it will produce the 

symmetric subproduct system of holomorphic sections of the hyperplane bundle on P[i 3 *] as in 
Example 3.5. What Lemma 3.3 says is that the ideal determined by the algebraic relations among 
the Zj's, appearing when we restrict them to the submanifold M, is homogeneous. The subspaces 
L™) C of holomorphic sections of the tensor powers of L endowed with the 

inner product as a subspace of will be denoted by 

^„ = (iL0(M;L),(.|.)). 


Here (-I-) is thus the inner product (3.3) in the special case when uj and h are the restrictions to M of 
the Fubini-Study metrics on P[io*], depending only on the inner product on which defines 

the one-particle Hilbert space S). We set .^o := C. 

We therefore have a description of polarized manifolds (M, L) with the extra datum of an inner 
product on H^{M;L) as a collection of Hilbert spaces Sjm satisfying (2.1) with C where V 
is the symmetrized tensor product (recall Lemma 2.9). The subproduct system is obtained from 
15^* by quotiening out by the ideal in C[zi ,... ,Zn] which defines the embedded M. 

Corollary 3.7. Every commutative subproduct system S), = (iOm)meNo (^see Definition 2.3) deter¬ 
mines (via its associated homogeneous ideal in C[zi ,..., Zn]) a polarized manifold (M, L) with a fixed 
structure of Hilbert space on H^{M\L). Conversely, every such datum (M, L, (-j-)) determines a 
commutative subproduct system. 

We stress that for obtaining the subproduct system Sj,, the inner product on H^{M-,L) is arbi¬ 
trary; we do not require h and uj in (3.3) to satisfy the pre-quantum condition. Even if we did require 
UJ = -v/— Idd log h, the inner product on Sjm C for m > 2 would in general differ from the inner 
product (’I-)/! defined by the initial uo and h. 


Lemma 3.8. Let {M,L) be a polarized manifold with d := dimcM. Then for any inner product 
('I') on H'^{M;L), there exists a unique volume form on M, which we can express as uj’^ for a 
Kdhler metric in the class ci{L), such that (-I-) is uj'^-balanced in the sense of [DonS, %2.2], i.e. if 
Zi,... ,Zn are the homogeneous coordinates on M G P[i 3 *] associated with any orthonormal basis for 
Sj = {H^{M;L), {■]■)), normalized to = 1 € then 


1 f 

vol(M, L) ^ ^ dl n 


\/j,k = l,...,n, 


where vol(M, L) 

|j| = m = |k| that 


where Pm ■ 


Im oj^^/dl. In that case one also has (using Notation 2.12) for o/l j,k G F+ with 


vo\{M. 




= 


‘’j.k 


d\ Tr(pm) ’ 


is the orthogonal projection and Sj, C is the subproduct system of 


Proof. The first part follows from the Calabi-Yau theorem [Yaul] and the fact that every polarized 
manifold (M, L) admits a unique w'^-balanced metric for every volume form on M [BLYl], [DonS, 
§2.2] (equivalently, every line bundle is stable and from this it follows that every very ample line 
bundle is “balanced as a line bundle” in the sense of [Wal]). The second statement is immediate 
from the definition of i^.. □ 
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To say that (M, L) is balanced as a polarized manifold [Donl] means precisely that there exists a 
Hilbert space structure S) on H^{M\ L) such that the volume form in Lemma 3.8 is the restriction 
to M of the Fubini-Study volume form on Not every polarized manifold is balanced, and so in 

general one cannot form a subproduct system from a quantization (L, h) of a compact Kahler manifold 
(M, uj) in the sense of the last section. We consider therefore instead the following quantization. 

Definition 3.9. A projectively induced quantization of a polarized manifold (M, L) is the datum 
of a subproduct system Sj, C associated with some choice of inner product (-I-) on H^{M]L), 
together with the covariant and contravariant symbol maps specified by That is, we regard 
C{M) as a subspace of the Hilbert space of square-integrable functions on M with respect 

to the (•|•)-balancing volume form guaranteed by Lemma 3.8, and we take the Toeplitz map : 
C°°{M) —>• B(Sjm) defined by 

where H^ : — >• Sjm is the orthogonal projection, and we let : B(Sjrn) C(M) C 

L‘^{M;uj) be its adjoint. The Hermitian metric h on L used to define is then forced 

to be the Fubini-Study metric associated with (-I-) (cf. [Don2]), i.e. the unique Hermitian metric 
h = FS((-|-)) on L for which any orthonormal basis Zi ,..., for S) satisfies 

n 

Y,HZk,Zk) = l€C{M). 

k^l 

An explicit formula for the covariant symbol map is easy to write down; see Theorem 4.15. 

Remark 3.10. The terminology in Definition 3.9 is slightly nonstandard unless (M, L) is balanced; 
indeed, (M, L) is a balanced polarized manifold (in the sense of [Donl]) if and only if there exists a 
Hermitian metric h on L such that the quantization (L, h) of (M, 99 log ft.) is projectively induced for 
some choice of inner product on H^{M]L). In that sense the term “projectively induced” appeared 
in [CGRl] (it says precisely that the epsilon function discussed there is constant; a less illuminating 
name for the same thing is a “regular” quantization [CGR2]). In the less restricted sense of Definition 
3.9, which works for any polarized manifold (M, L) since we do not require the prequantization condi¬ 
tion, the projectively induced quantizations were referred to as “Berezin-Bergman quantizations” in 
[LMSl, §5] (this is the only work we know of where it has been discussed for not necessarily balanced 
manifolds). 

We shall see that using projectively induced quantizations, a polarized manifold (M, L) need not 
be balanced in order to recover C°°{M) using Berezin quantization. We stress that the restriction to 
quantizations with this choice of volume form is not an artifact of the operator-algebraic approach: 
it is needed if we want the the stronger convergence of Berezin transforms, and in order to recover 
the algebra C°°{M) not just approximately. 

3.3 The circle bundle 

Recall the Toeplitz quantization maps : C{M) —>• B(Sjm) (for definiteness and later relevance we 
will focus on the case of a projectively induced quantization). We can assemble them into a single 
map 

^ : C(M) ^ Yl B(Sj^), (3.5) 

mGNo 

where the C'*-algebra on the right-hand side is the C'*-direct product. 

Let L* be the dual line bundle of L. Under the embedding of M into CP"“^, when L becomes the 
restriction of the hyperplane line bundle, L* becomes the restriction of the tautological line bundle. 
Denote by 

SM:={CGi1IICII = l} (3.6) 
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the total space of the associated principal U(l)-bundle. The U(l)-action on §m induces a Z-grading 


C(§m) = 0 C(Sm)«" " 

fcez 

of the C'*-algebra of continuous functions on §m, with = C{M). The C'*-algebra C{Sm) is 

generated by the normalized homogeneous coordinate functions Zi,..., Zn on M C CP"“^. Products 
of the form Zj^ ■ ■ ■ Zj^Z^^ ■ ■ ■ Z^^ constitute a basis for the L^-space L‘^{E>m) (see [Schll, §5.1] for 
the definition of the measure on §m) and we define the “Hardy space” H‘^{E>m) to the be subspace 
of L^(Sm) spanned by the products Zj^ ■ ■ ■ Zj^ for all m G Nq. The Hardy space can therefore be 
obtained as the Hilbert space direct sum 

H (Sm) = , 

m^No 

just as the Fock space associated with the subproduct system Sj,. The inner products differ 
slightly, the inner product of two elements ip,(p G ijm C Ion being related to their inner product as 
elements of as 

where Pm G ^{^m) is the identity operator. So Fock space can be embedded into H‘^{Sm), 

C H‘^{E>m) C 

Let H : L^(§m) —>■ -flN be the orthogonal projection. Then, with c as in (3.5), we have 

<?(/)'*/' = n(/f/’), yip G 

if we identify / G C{M) with the multiplication operator it defines on L^(§m)- Then / is just the 
contravariant symbol of the operator ?(/) in the general sense of [BereSj. The interior of §m (the 
disk bundle) is a bounded symmetric domain and Berezin quantization on spaces such as §m has 
been studied even more than in the setting of compact Kahler manifolds, see e.g. [UnUplj, [Bere2]. 
More details abont the circle bundle can be found in [Schll, §2], [Zeldl, §2]. 

We can define the Berezin transform and the covariant symbol of an operator on just as we 
did on the components ijm, using the fact that ijw is a reproducing-kernel Hilbert space. Again the 
covariant symbol map c is the adjoint of ?. In the noncommutative setting we will just calculate the 
adjoint of p and take that as the definition of the covariant symbol map. 

3.4 Singular varieties 

We have seen that Berezin quantization of quantizable Kahler manifolds is really the quantization 
of smooth projective varieties. It was suggested in [Schl2] that it may be possible to quantize also 
singular (non-smooth) projective varieties in the same fashion. We shall see that this is in fact so: 
it will be covered by the constructions in the next two sections, as the case when the subproduct 
system Sj, is commutative (Corollary 5.31). 


4 Inductive limits 

Recall [AraMl, Def. I.l.II] that a sequence (yBm)meNo of *-algebras Bm forms an “inductive system” 
if there are *-homomorphisms im,i '■ Bm —>■ Bm+i for each m < I, and that the algebraic inductive 
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limit of such a sequence is the algebra UmeNo obtained as the quotient of the algebra of eventually 
constant sequences of elements in the Bm's, 



)j 6 No € 


j 6 No 


3m G No such that bj = b„ 


for all j > 


by its ideal of sequences which are eventually 0. If each Bm is a (^‘-algebra, UmeNo 

be completed in a canonical C*-norm to obtain a C'*-algebra which, if the tm,/’s are injective, can be 

identified with the non-disjoint union UmeNo '' [AraMl, §1.2]. 

It was observed in [Hawkl] that the sequence of algebras Bm ■= B{Sjm) arising in quantization 
has a structure resembling that of an inductive system, although the map from Bm to Bm+i is 
not a homomorphism in the category of C'*-algebras. If we want to obtain a C'*-algebra C{M) of 
continuous functions on a manifold as an inductive limit of finite-dimensional matrix algebras, then 
requiring Bm C ^Bm-i-i says by definition that C{M) is an AF algebra. This forces M to be totally 
disconnected. Hence we must relax the notion of inductive limit. 


4.1 Relaxed definition of inductive limits 

Blackadar and Kirchberg introduced a more general inductive-limit-type construction [BlKilj. Al¬ 
though never pointed out in the literature, the system of finite-dimensional C'*-algebras B{S)m) 
obtained from a projective quantization (M,uj,L) fits perfectly into their framework. This is most 
apparent in [Hawkl] where similar notions were introduced independently. We will follow the notation 
of [Hawkl] as closely as possible. 

Notation 4.1. If B, — (Hm)mGNo is a sequence of C*-algebras, we write 

r 6 (S.) = l[ Bm 

m^No 

for the full C*-direct product of the Bm's, i.e. the set of sequences X, = (Am)meNo of elements 
Am G Bm with finite supremum norm 

||A,|| := sup \\Xm\\Bm < oo- 

m^No 

The multiplication and ^-operation in Ti,{Bm) is pointwise. We also write 


ro(H.) = 0 ^m 

m^No 


for the C'*-direct sum, the closed two-sided ideal in consisting of the sequences converging 

to zero in norm. We simply write Fh := Ft,(H,) etc. if it is clear which sequence it concerns. We 
let 

TT : Ff, —>■ Fj/Fo 

be the quotient map 


Since we will only deal with a special kind of the “generalized inductive systems” defined in [BlKil] 
(namely the “NF” ones), we will simply refer to them as “inductive systems”. See also [BrOzl, §11]. 

Definition 4.2. An inductive system is a sequence (H,, 6,) of full matrix algebras Bm = 
and unital completely positive maps tm,i ■ Bm —t Bm+i for / > m (with im,m := id) satisfying 


^m,/ — O im^r^ if ^ ^ ^ ^ ^ 


(4.1) 


and which are asymptotically multiplicative in the sense that for all A,Bg B{Sjm), £ > 0, there 
are r < I such that 


||^r,/(^m,r(A)^.m,r(I^)) ^m,/(A)i.m,/(I^) jj 


(4.2) 
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The inductive limit of an inductive system is the C'*-algebra 


Soo c 

generated by the elements 

A e B{^m) (4.3) 

for all m G No, where tt : Tf, —>■ Th/To is the quotient map. 

Remark 4.3 (Norm). A norm on the quotient C*-algebra Tb/To is given by 

||7r(X,)|| = limsup ||A:^||, VX, G T;,, 

m—¥oo 

and this norm satisfies the C'*-identity, hence it is the unique C*-norm on Th/To. Moreover, since 
the trra./’s are norm-decreasing, 

limsup ||c^’"^(A)|| = lim ||(.m,/(A)||, \IA&B{S^m), 

m—¥00 l—¥OQ 

so the norm on Boo is just the “norm-at-infinity” of 7r“^(,Boo). 

It follows that the maps 

-.B^^Boo (4.4) 

are completely positive, and we refer to as the covariant Berezin symbol map at level m. 
The motivation for this terminology will become clear below. Due to (4.1), the covariant symbol 
maps satisfy 

O Vto < ; G No. (4.5) 

We may say that a sequence A, G Th is eventually constant under if there is a large enough 
m G No such that Ai = Lr,i{Ar) for alH > r > m. Then Boo is the image under tt of the norm closure 
of the algebra of eventually constant sequences. 

Remark 4.4 (Asymptotic multiplicativity). The condition (4.2) is chosen precisely to ensure that 
C^™i(A)c^™^(il) belongs to the C'*-algebra Boo for all A,B G B(f)m), without requiring it to be close 
to ci"‘i(Ai?). Conversely, if (A)<;^'^^ (B) belongs to Boo for all A and B then each c^™i(A)ci™i(il) 
is an eventually constant sequence, so (4.2) must hold. 

Remark 4.5 (Continuous fields). Suppose that B(*) is a continuous field of matrix algebras over 
No U {oo}. For each A G B{oo), there is a continuous section x —>■ A{x) of B(») with A(oo) = A, 
and this section defines an element of IlmeNo sections evaluating to A at oo differ by an 

element in Hence [BlKil, Prop. 2.2.3] 

B(oo) C ( B(m)^ /( 0 

m^No m^No 

In fact, a C'*-algebra is an inductive limit (in the sense of Definition 4.2) if and only if it is a nuclear 
separable C'*-algebra which is of the form B(oo) for some continuous field of matrix algebras over 
No U {oo} [BlKil, Thm. 5.2.2]. 

Remark 4.6 (Quasi-diagonality). If a C'*-algebra Boo is an inductive limit in the sense of Definition 
4.2, there exists a short-exact sequence 

0 —>/C ——> Boo 

which is an “essential quasi-diagonal extension” of Boo, meaning that V is a C'*-algebra of quasi¬ 
diagonal operators containing the C*-algebra /C of compact operators as an essential ideal. In fact, 
such an extension of a C'*-algebra Boo exists if and only if Boo can be embedded into rh(B,)/ro(B,) 
for some sequence of full matrix algebras Bm [BlKil]. 
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Remark 4.7 (Nuclearity). Since Boo is nuclear, the Choi-Effros lifting theorem [Blacl, IV.2.3.4] 
says that the identity mapping id : Boo —^ Boo can be lifted to a unital completely positive map 
c : Boo —t Ef, such that if 

^d-)(/) g V/ G Boo, 

then the sequence oc converges in the point-norm topology to id : Boo Boo- We shall calculate 
C and its inverse c explicitly in §5.6. 

4.2 Inductive limits from subproduct systems 

Theorem 4.8. Every subproduct system Sj, defines a generalized inductive system {B,, r,_,) by setting 
Bm ■= B(Sjm) and 

:= \/AeB{S)m), (4.6) 

where pi : —>■ Sji is the projection. 

Proof. It is clear that each irn,i ■ Bm —^ Bi is unital and completely positive. For m < r < I and 
A G B(Sjm) we have 

l-r,l O iraAA) = l-m,l{Pr{A'S) l^®(r-m))pr) = Pl{Pr{A® l^s,(r-,n.))pr ® l^®(i-r))p; 

= Pl{A® 

where the last equality is due to (2.2). That is, the coherence condition (4.1) holds. 

It remains to show that r,,, is asymptotically multiplicative, i.e. that it satisfies (4.2). We have 

(^) Lm,r (B)) = Lr,l {Pr(A 0 l)pr{B 0 l)Pr) 

= Pl{{Pr{A 0 l)priB 0 l)pr) 0 l)p/ 

= Pl[[{A0l)pr{B 0 1)) (g) l)pi, 

SO it is the failure of T (g) 1 to commute with the projection which spoils multiplicativity. It seems 
hard to show directly from norm estimates that the maps (4.6) satisfy the asymptotic multiplicativity 
condition (4.2). We shall instead obtain that by showing that the set of elements (4.3) forms an 
algebra. 

Consider the strongly graded ring 

n= 0 7^„:= 0 

m^No m^No 

Denote by Gr(7?.) the Abelian category of Z-graded right 7?.-modules, with morphisms the grading¬ 
preserving morphisms in the category of M-modules. Write 7^>m for the 7^-module Then 

it is easy to see that 

EndQi.(7j) {TZ >m ) = B{^ 

m) 

as rings, and that im.i maps an element of EndQi.(7j)(7^>r„) to its restriction to the submodule 
TZyi C 7^>m- By [Stenl, §IX.l], the algebraic inductive limit 

Boo — lim EndQi-fT^) (7^>m) 

m—^oo 

is a ring (and an algebra since the maps Lm,i are linear). Therefore the norm closure Boo of ^Boo is 
an algebra as well. In particular, the asymptotic multiplicativity condition (4.2) is satisfied. □ 

Thus, subproduct systems give rise to generalized inductive limits of C'*-algebras with the special 
property that the algebraic direct limit ^Boo is already an algebra (no need for norm closure). Still, 
the asymptotic multiplicativity condition (4.2) cannot be formulated in a weaker fashion even for 
subproduct systems, since the set of eventually constant sequences under is only an algebra after 
taking norm closure. 

Our aim is to identify the inductive limit Boo with the Cuntz-Pimsner core For that we 

need two lemmas. 
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(4.7) 


Lemma 4.9. The completely positive maps Lm,i ■ Bm —>■ Bi defined in (4.6) can be expressed as 

imAA)= E 

|k|—/ —m 

= E ( 4 . 8 ) 

|j|=m=|k| 

for all A G where i?k is the right shift by the vector Ck as in (2.6) and := {efiAeA ■ 

Proof. Formula (4.8) is immediate from 

-Sj-S'kU, = Pl{\Pmei){Pmek\ ® lfl,_„)p/. 

Similarly, the expression (4.7) is deduced from straightforward calculations. □ 

Lemma 4.10. Let tt~^{Boo) be the norm closure of the subset ofY[mB{fi)m) consisting of sequences 
which are eventually constant under the coherent system defined by (4.6). Then Tr~^{Boo) coin¬ 
cides with the normally ordered part of the Toeplitz core 7^°^. Hence the normally ordered part of 
is an algebra, and must coincide with all of so 

7r-ABoo)=r^°^- 

In this way we have proven Lemma 2.15. 

Proof. It is clear that every normally ordered element of defines a sequence A, — (^m)mGNo of 
operators Am G B{fi)m) with im,i(Am) = Ai for sufficiently large m < 1. For example, 

S,Sl = {S.SlAJmeNo G n ^(^-)- 

m^No 

Suppose now that A = (Am)TOeNo is any element of OrnGNo'''^hich is eventually constant. 

Since B{fi)m) is contained in 7^°^ for each m, we may for simplicity just as well look at the case 
where try{Ar) = Ai for all r < ? for some r G Nq while Am = 0 for m <r. Then (4.8) in Lemma 4.9 
shows that ^ is a combination of shift operators. 

From the fact that Boo is an algebra we have that 7r“^(,Boo) is an algebra, whence the last 
statement. □ 

Remark 4.11. Let B{») be the continuous field of C'*-algebras over NoU{oo} such that the fiber over 
m G N is B{m) = B{Sjm) and the fiber over oo is B{oo) = Boo, the inductive limit (cf. Remark 4.5). 
Then Lemma 4.10 says that 7^°^ is the algebra of continuous sections of this field. For commutative 
case see also [Hawk2, Thm. 3.3]. 

Theorem 4.12. Let Sj, be a subproduct system and let (7^°^ denote the \J{1)-invariant part of the 
Cuntz-Pimsner algebra of Sj,. Then we have 

q{ 0) n 

where the right-hand side is the inductive limit defined by the inductive system in (4.6). 

Proof. The Toeplitz core is the norm closure of linear combinations of elements of the form 
SjS'^ with jjj = jkj as well as their products with the vacuum projection po = |fl)(0|. The elements 
which are products with |n)(n| belong to Fq = /C fl 7((°^ Hence, 

Bo. = r^°Vro = n r^°)) = 

as asserted. □ 

Remark 4.13. The quasi-diagonal extension of Boo mentioned in Remark 4.6 can now be taken as 
V = + K. (cf. [Blacl, V.4.2.16]). 
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4.3 Cuntz-Pimsner algebras from inductive limits 

For m > 0, let ^-m ■= denote the conjugate Hilbert space of Sjm- For all A: € Z we can consider 
the H(.^m)-module 

and the maps : £m^ —>■ defined by 

\r\—l — m 

We dehne the C'*-algebras and in the same way as in Notation 4.1 and we denote 

by —>• rh(£ii^EFo(^»^^) the quotient map. 

Dehne to be the vector space consisting of all elements of the form 

:= 7r('=)(.W (X)),>^), X G 4^) 

for all m G Nq. In particular, = °Hoo is the algebraic part of Boo = ■ Each is 

a module over ^Bca- The linear span of 

is a module over Boo, which we denote by 

Theorem 4.14. The Cuntz-Pimsner algebra Os^ is isomorphic to the C* -algebra generated by fF) 
and Boo- It allows the decomposition 

-INI 

k^Wj 

and £^’^'> ^ is the spectral subspace for the gauge action corresponding to k G Z. 

Proof. The vector space has an overcomplete basis given by the operators S'kUm for 

all k G F+ with |k| = k. In particular, B{Sjm,^m-\-i) is spanned by for j = 1,... ,n. Recalling 

that Sj is the shift by the basis vector ej € Sj, we see that 

|r|=Z—m 

= E/ 

\r\=l—m 

We can identify a sequence X, = {Xm)mefio operators Xm G Ijm+fe) with an operator on 

Fock space .Qn- The effect of the quotient map on such a sequence X, is to take it to its image 
in the Calkin algebra B{Sjf^)/X. From (4.5) we therefore have (for to > 1) 

where Zi,..., Zn are the generators of O^. Similarly one gets that (S'k|i 5 ,„) is just Zk for all 
k G F+ with |k| = k and all I > to. The adjoints define elements of Ff,(£ii~™^) for |k| = to. So 

g{k) ^ qC) ^ ^ 

4.4 Formulas for covariant symbols 

Our discussion about inductive limits associated to subproduct system has been based on shift 
operators on Fock space. We now observe that what we are doing is in fact a generalization of 
Berezin quantization. First we show that there is a very simple expression for the maps 


18 



Theorem 4.15. Let Zi ,..., he the images of the shifts of the subproduct system Then the 
covariant symbol map : B{S^rn) defined in (4.3) can he expressed as 

|j|=m=lk| 


Proof. From (4.3) we see that we need to express Lm in terms of the Toeplitz operators Si,..., Sn', 
applying tt transforms these into Zi,..., Z^. But that is easily done using Lemma 4.9: the “second 
quantization” of A, 

|j|=m=|k| 

acts as irn,i{A) on Sji for ? > m and as 0 on for I < m. Applying the quotient map tt to it, we 
obtain 

|jj=m=|k| 

and on the other hand, 

E ^jF5j^k)= E 

|j|=m=|k| |j|=m=|k| 


□ 


Corollary 4.16. For all j,k G F+ with |j| = |k| = m and all I > m we have 

Example 4.17. Let Sj, be a commutative subproduct system and let M be the compact manifold it 
defines (see Corollary 3.7). Then : B(f)m) —>■ coincides with the Berezin covariant symbol 

map : B{Sjm) —>■ C{M) (mentioned in §3.2). 

Notation 4.18. Fix a faithful representation of Osi on a Hilbert space TL and let 

mG M„(C)(g)HCH) 

be a unitary n x n matrix with values Uj^k G BA) such that the first row of u is given by the 
generators Zi,... ,Zn of Of,. Let be the matrix obtained from u by taking adjoints of each entry 
Uj^k- Denote by Um the restriction of u®"* from to S)rn and similarly for Finally, 

: BAA ^ baa Z) BA) 

will be the map which takes A G BAA to UmA 0 l)Mm- 

The following formulas are known from the classical case to define the “Berezin covariant symbol” 
in case we quantize a coadjoint orbit M = GjK (cf. [Perl], [Lan2]). 

Proposition 4.19. Assume that preserves the subspace Sjm C , in the sense that Um = 
u®'^{pra ® !)• Let |ef’”)(ef'"| be the rank-1 projection onto the line spanned by ef™, where ei is the 
first basis vector in i^. Then for all A G BAA have 

<rW(A) = (Tr®id)((A®l)«-(|er)(eri®l)«(;,) (4.9) 

= (Tr®id)(a(™)(A)(|ef'”)(ef’"| 0 1)). (4.10) 

Proof. We have 

«™(|er)(eri®lX= E SA^AzZi^z; 

|j|=m=|k| 

so (4.9) is clear. For (4.10) we can use the formula 
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4.5 Changing the inner products 

Notation 4.20. From now on Q € is a positive invertible nx n matrix such that the operator 
Q<»m preserves the subspace Sjm for all m € Nq. 

Saying that Sjm is invariant under Q®™ is equivalent to saying that the compression 


Qm ■■= 


Pm 


is equal to Q^'^Pm- 

We will use Q to define a new inner product. The role of Q may remain quite mysterious until 
we arrive at the quantum-group examples. In these examples, the subproduct system will itself 
depend on Q, in addition to the fact that Q defines the inner product. We can mention already that 
for the Berezin quantization of a commutative manifold (reviewed in §3) one should take Q = pi, the 
identity operator on 

Remark 4.21. The property PmQ^^Pm = Q^^Pm ensures that Qm is invertible; its inverse is 
because 


{Q^n~"pmQ^^Pm = {Q^n~^Q^^Pm = Pm, 

Q^^Pm{Q^n~^Pm = = Pm, 

where we used the fact that the inverse A~^ of any invertible matrix A preserves every zl-invariant 
subspace. We denote by Qm this inverse of Qm- For / > m we have 

QpiQm 0 Ql-m) = ® {Q^^'-^^))Pi = PI, 

where we regard pi as an operator from Sjm ® Sji-m onto Sji. 

We choose the orthonormal basis Ci,..., e„ such that Q is diagonal and, as before, we let 
Si, ,Sn be the shifts on 55^ by these basis vectors. We shall write 

Qj.k := {Qm)},k, Q^ '■= {Qm )j,k- 


We associate to each Qm a density matrix 


(m) ^ (m) Qm 

^ ■ Tr(Q„)’ 

and denote by (pm the state on B{Sjm) defined by 

Pm{A) := Tr(p(™)A), VA G B{^jm)- 

From now on we shall assume that Sjm is endowed with the p^^Finner product. 

{tp\(p)p^,r^) := V((),V’ G Sjm- 

We stress that (unless Sj, = .^®*) 


(4.11) 


Jm) 




Tr(g) 


4.6 The isometries 

Now that Sjm is endowed with the inner product (4.11) we discuss how B(Sjm) can be mapped into 
B{Sji) when m < I and calculate the explicit isometries Sji ^ S)i-m ® Sjm and Sji ^ Sjm ® ^i-m- 
This construction would fail without the assumption that Qm preserves Sjm- 
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Proposition 4.22. The isometry from into ^i-m ® -SOm is given by 


f> ; /Tr((5m) Tr((5i_m) ^ ^ ^ c* w; ^ r 

K«,;V'=y-IV(Q0- 


and its adjoint by 




Proof. We proceed by first calculating the adjoint of the given operator (4.12). Let Am,z := 
For all ^ G Sji-m,V G ijm and all tp £ Sji we have 

® vM)p(l) = (? ® 

= Am.i ® '^r»)p('- 

|r|=Z—m 

— ^m,l ^ ^ ^ '^|*5^r*S*j.‘?/^)p(i-m)0p(m) 

|r|=Z—m 

and hence (4.13) holds. Finally, using Remark 4.21, 


= ^ (pW)-l(pd-)er®p(-)5r» 

|r|=Z—m 

= E QT^{Ql-mer®QmSf.'lp)= E PMv ® Sflf) 

\r\—l — m \r\=l—m 

= E SrS:f: = i;, 


(4.12) 


(4.13) 


! Tr(Qm) Tr(Ql-rn) 
Tr(Q,) 


SO y is the desired isometry. Let us also calculate the final projection: 

= E SrSp.Qf^(Ql-m^Qm) = Pl(Pl-m^Pm)- 

\r\—l — 7n 


Now let A G B{S^i) and define 

l^M) ■■= ® A)V^P (4.14) 

We have 

|r|=Z —m 

= E Qr^iQl-mer'S) QmASpfj) 

\r\—l — m 

= E Pi{er ® ASpip) 

\r\—l — m 

= E SrASflf, 

\r\—l — m 

so Im,i is a “chirality-flipped” version of 6m,z, i.e. the R^’s are replaced by Sj's (cf. (4.7)). If we 
use the inductive system 7,,, instead of 6,,,, the roles of the left and right Toeplitz algebras are 
interchanged. 
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(4.15) 

(4.16) 


Proposition 4.23. Define a coherent system of maps im,i '■ —>■ by 

= E 

Then (,B(io,),!,_,) is an inductive system, and the C*-subalgebra ofTb{B,) consisting of norm limits 
of the eventually constant seguences for is equal to the B{\)-invariant part of the right Toeplitz 
algebra C*{Ri, . .., i?„). 

Proof. The proof is very similar to the case of the im/s (the “left case”). □ 

We furthermore note that if we expand A G B{^rn) as Gl = X)|j|=m=|k| Um then 

hm,l{A) = Gljk.Rj.Rk 1^,1 

|j|=m=|kj 

again similar to the left case. More will be said on the “chiral duality” between 1 ,., and in 
Remark 5.7. 

We now want to find an isometric implementation of Lm,i similar to (4.14). For this we need to 
flip the tensor factors. 

Proposition 4.24. The isometry from Sji into Sjm <S> Sji-m is given by 

VniA = ^ P/(RrV'®er), VV'G Tip (4.17) 

and its adjoint by 

Vffg = ^ Tr(Q^^T^(gi-J ^^p))-i(^W ^ )). (4.18) 

Proof. For all ^ G S)i-jn,V G Sjm and all tp £ we have 

?)IV')p (0 = ) 

= ^ ' iv ^ ^\RrTij.1p)p(m)0p(l-m) 

= A™i((p«)-i(pW77 0 )e)|^),(o, 

and the rest is similar to the proof of Proposition 4.24. □ 


Corollary 4.25. The inductive system t,., is implemented by the system 14., of isometries: 

I'm.liA) = Vj^ i{A 0 li5,_m)14i,i) VR G B{Sjrn)- 
Proof. Follows from formula (4.7) and the calculation (with ip G Sji) 




\r\—l — m 

PliAR^ip <S> Cr) 
RrAR*1p. 


□ 
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5 Projective limits 


We now want to realize the same algebra as a projective limit. For this we need some background 
information from [Hawkl, §B2]. 


5.1 Relaxing the notion of projective limit 

In this paper, a “projective limit” will always refer to the following object which, in comparison 
to more conventional C'*-algebraic projective limits, is defined in terms of completely positive maps 
instead of C'*-homomorphisms. 

Definition 5.1 ([Hawkl, §B2]). A projective system (H,, j,,,) is a sequence of finite-dimensional 
matrix algebras Bm and norm-contracting completely positive mappings ■ Bi —>■ Bm for m < / 
satisfying ji^m = Jr,m o Ji,r for all m < r < Z. The projective limit of (H,, j,_,) is the vector space 
defined by 

B°° := {A, = (A^)^gNo G ^b{B,)\ A™_i = for all m G N}, 


equipped with the norm 


||A.|| := lim \\A^\\. 


Remark 5.2. The intersection of B°° with Tq is {0}. We always identify B°° with its embedding into 
rf,(H,)/ro(yB,) because it is more likely that B°° is an algebra when multiplication is taken modulo 
Fq. If we do so and then pull back B°° via the quotient map tt : Ff, —>■ Fj/Fo, we obtain a vector 
space tt~^{B°°) which is much larger than B°°, namely 




(5.1) 


Importantly, B°° is an algebra (hence a C'*-algebra) if and only if (5.1) is. 
Remark 5.3. We could also define B°° as the set of elements 


/ ~ '^((joo,m(/))meNo) 

where the components joo,mif) G Bm satisfy joo.m(/) = Ji,m o Joo,i(/)- We can regard joo.m 
lim;_ 5 .oo as the map from B°° to Bm which evaluates A, = (Am)meNo G at m, 

Joo,m(A») — Am- 


5.2 Projective system for subproduct systems 

Let Sj, be a subproduct system. We let Q G B{Sj) be as in Notation 4.20 and endow Sjm with the 
inner product defined by the density matrix := Qm/ Tr((5m)- 

Lemma 5.4. Define maps jpm ■ B{^i) — >■ B{Sjm) for m <l by 

E VAgH(^0- (5.2) 

Then, with Vm,i as in Proposition 4-24) we have the formula 

Xm{A) = (ide„ ^fii_m)(Vm,lAV;^y) (5.3) 


and ],,, is a projective system. 
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Proof. First of all, for a\\ A & B{S^i) we have 


Jr.mOjiAA) = Tr(Qr) ^ 


=r—m,|k|=Z—r 


kj| 


_ Tr(gm) \ ' D* A D 

|kj|=i-m 

|r|=Z —m 

and it is obvious that each is completely positive. The norm-contracting property holds because 
ji^rn is in fact unital. To see this we first prove the alternative formula (5.3). We have 

= E (Q^Ar.rKAPrl^^ 


Tr(Qi) 

TrjQA 

Tr(Qi) 


|r|=i-r; 


E E (Q^ArAejlKARre^jSAu 


|r|=Z-m |j|=m=|k| 


E E (0®™)r.r(ej®er|A(ek®er))5j5i:| 

* |r|=Z-m |j|=m=|k| 


Tr(g^) 

Tr(go 


E E (0®™)r.r(A)jr.kr5j5i: 




|r|=Z-m |j[=m=|k| 

where in the last equality we used that, for all ^ 1,^2 G ^m, G ^i-m, 

{vAi{ii®m)\AVAA2®Qi-n.m)) 

Ar{Qi) 

= (6 ® ® P^'-^^Qi-mrn)) 

= rr (n (n \ ® ® Qi-mm)), 

Tr(g/_m) Tr(gm) 

so that summing such inner products over a basis for and multiplying with '^^(qT)^ “^k | jj 

is the same thing as partially tracing Vm,iAV^ ; with g;_m/Tr(g/_m). 

Now (5.3) gives 

Jl,miPl) = (idB,„ ®(j)l-m){{P7n ® Pl-7n)Pl{Pm ® Pl-m)) = (j)l-m{Pl-7n)Pm = Pra, 
showing that ji^m is unital. □ 

5.3 The state on 
5.3.1 as adjoint of Lrn,i 

Proposition 5.5. Let m,l gNq with m <1. Then is the adjoint of for all A € B{Sji) and 
all B G B{Sjm) we have 

fliAim.liB)) = (l)ra{jl,m{A)B) . (5.4) 

In particular, taking A = pi respectively B = pm we obtain the compatibility relations 


e> im.l — 


(5.5) 


— 0m ^ Jl,ri 


(5.6) 
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Proof. We have 


M^^rnA^))=MAV:,^liB^Pl-rn)Vrn,l) 

— {4^m ^ ^ P/ —m)) 

— 4^m <^(l)i — rn){Vrn,l^Vrn,l ^ P/—m))) 


= (?im((idB„ ®(j)l-m){Vm,lAV^ i)B), 

which equals (j>m{ji,m{A)B) by (5.3). □ 

Corollary 5.6. The states (j)m satisfy the “right invariance” condition 

4 ^m{jl,m ^ (^•^) 

Proof. Just use (5.6) and then (5.5). □ 

Remark 5.7. Similarly one shows that 

fm — fl ^ ^m.l- (^■^) 

for the “right” inductive system f,_,. The adjoint of lm,i is 


^ {Q^nr,rStAS.\^^ = ® idWru,I AYf;, y) ■ 

|r|=Z—m 

A “left invariance” condition similar to (5.7) is also deduced using the lm,is, and their adjoints. 

5.3.2 The limit state 
Corollary 5.8. The limit 

(fco •— lim (/>m 

m—^oo 

is a well-defined state on 7^°^. It annihilates 7^°^ fl JC, so it descends to a state ojq on (7^°^ = Boo- 

Proof. For well-definedness we use (5.5) and recall that the elements of 7^*^^ are norm limits of 
eventually constant under i,^,. The fact that fioo descends to 7^°V(7^°^ 71^) follows from 

|<(>m(A)| < ||A||, yA e B{Sjm),m e No, 

since this shows that lim^ \\Am\\ = 0 implies (/)oo(A,) = 0 for all A, = (Am)mGNo G 7^°^ □ 

Proposition 5.9. The state ojq : Boo C is KMS, with modular automorphism group cr, = (CTt)tgR 
given by 

a,o,W(A)=,(™)(Q((,AQ-*) 
for all A G B{fi)rn) and all m G Nq, and loq satisfies 

for all j,k G F+ with |j| = |k| = m. Moreover, the covariant symbol map ■ B{Sjrn) —>■ Boo 
intertwines loq and fim-' 

UJQ o = (j)^. (5.10) 
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Proof. Due to (5.5) we have, if |j| = |k| = to, 


ujQiZiZ^) = 

= lim MSjS^Pi) 

m<l—¥(yo 


and so the first formula in (5.9) follows from 

Tr{Q^^^{SiS^) = ^ (Q®“)r.r(erKej)(ekb.„er) 

\r\—7n 

The definition of immediately gives (5.10), again using (5.5). 

That ojQ is KMS follows from (5.10), in view of the fact that the *-algebra generated by the 
covariant symbols is dense in Boo and that each is KMS. Finally, for f G R the modular 

automorphism af”' of (j)m takes A G to (p(™))i‘A(p(’”))-** = □ 

We can extend loq to a state, still denoted by ujq, on the whole Cuntz-Pimsner algebra by defining 
it to be zero on each spectral subspace except . 

Remark 5.10. From now on we shall assume that ujq is faithful. In general, we could go the GNS 
representation of Boo associated with ujq and use the faithful state induced by ujq on the image of 
Boo, which is a quotient of Boo (recall that ujq is KMS). Then our results hold for the image of Boo 
in the GNS representation. 

Example 5.11. For the product system the Cuntz-Pimsner algebra is the Cuntz algebra 
On and UJQ is the quasi-free state on On defined by the density matrix Q/ Tr((5) [Evl]. 

5.4 Contravariant symbols 

Proposition 5.12. The adjoint : Boo B{S^rn) of the covariant symbol map : B{Sjrn) —>■ 
Boo, defined by the relation 

ccq(c(™)(A)V) = fm{A*f^^Hf)), G BiSj„,),fe Boo, 


is given by 


,“(-)(/)= Tr(g^) ^ {Q<^n7}ujQiZiZ^f)S^S;\^^ (5.11) 

lit |k|=m 

Proof. Let c^™^(/) be defined by (5.11). Then 

0JQ{,^"^\Arf) = Y. iA*)i.M^Q{ZiZ:f) 

|j|=m=|k| 

|j|=m=|k| 

= <^™(Gl*c(™)(/)). 

□ 

Corollary 5.13. IFe have 

UJQ = (jjm O (5-12) 

and, moreover, each is unital. 
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Proof. Equation (5.12) is a direct consequence of the fact that is adjoint to the unital map 
Unitality of follows from which we know from (5.10). □ 


We can now assembly the ’s to a map 


:= Y[ Boo ^ l[ 

m^No m^No 


(5.13) 


which is a noncommutative generalization of the total Toeplitz map (3.5). We can recover its com¬ 
ponents as 

.(r«)(/) ^ 

It is the following result which relies on the assumption that ojq is faithful (cf. Remark 5.10). 
Lemma 5.14. No nonzero element of Boo is mapped to Fq = H /C under the map f. 

Proof. We have = '^q(/)) so if c^™^(/) —>■ 0 as m —>■ oo then tog^f) = 0. Hence if / > 0 

then / = 0 and the result follows. □ 

Let M = be the von Neumann algebra generated by the inductive limit Boo in the GNS 

representation of the limit state ujq. Then we can define c(/) G Fh also for elements in Ai, and 
Lemma 5.14 extends to Ai. 


Lemma 5.15. For all f G Ai and all I > m, 


(5.14) 


Hence the image of Ad under the total Toeplitz map f is contained in the projective limit B°°, and in 
fact we have equality 

q(Ai) = B°°. 

Therefore B°° can be identified with the weak-*-closed operator system of elements of the form 


?(/) = (?(™)(/))rneNo, f(^M 


and, as in Remark 5.3, 


A-m) _ 

S — Joo,m 


is the map which evaluates (Xm)meNo G at m G Nq. The norm-closed subset q(Boo) equals the 
anti-normally ordered part of the Toeplitz core. 

Proof. We know that q is injective (Lemma 5.14). Since we have shown that jprn is adjoint to t-mq, 
we obtain (5.14) by taking adjoints of 

From (5.14) follows that c(/) G B°° for all / G Ai. Moreover, c : At —>■ Ff, is onto B°° because each 
is onto. Thus B°° is in bijection with Ai via f. 

We need to show that q{Boo) equals the anti-normally part of the Toeplitz core 7^°^. Firstly, 
since the left and right shifts commute outside the vacuum subspace, for all r, s = 1,..., n we have 

Tl'(Qm) \ ' o* o* o o I o* o I 

|k|=i-m 

(where we used that jpm{pi) = Pm), which shows that the anti-normally ordered elements of 7^°^ are 
constant under j, ,. Secondly, an explicit calculation using (5.11) shows that q{f) is anti-normally 
ordered for each / G Boo- □ 
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Remark 5.16. Now we can give an alternative proof for the fact that the contravariant symbol map 
: Boo B(Sjm) intertwines wg with (pi, 

ujQ = (pio . 

Recall that ujq denotes the limit state (poo ■= lirnm-s-oo (pm when regarded as a state on the quotient 
Boo of 7^°^- Then ujq = (/>; o^d) follows from the compatibility (pm = <Pi°Jm,i (see (5.5)) and the fact 
that joo,i = 

5.5 The asymptotic multiplication 

We now endow the projective limit B^ with a multiplication which is the m —>■ oo limit of the 
multiplication on B{S^m)- 

Definition 5.17. The projective-limit multiplication on B°^ C F;, is defined by 

^“(/)-c(ff):= lim ^“(™)(/g) (5.15) 


for all f,g G Boo- 

The projective limit B°° is not an algebra under the projective-limit multiplication, but we shall 
see that the subset c(Soo) is. 

The multiplication on B°° taken modulo Fq is the one where sequences (<?^’”^(/))meNo and 
(c^™i((7))meNo are multiplied componentwise but the finite-m part is ignored. That is, 

T^mn9))= lim c(™)(/)c(’")(g). (5.16) 

m—^oo 

We will see momentarily that the products (5.15) and (5.16) coincide for f,g G Boo- Comparing the 
two formulas one then concludes that the Toeplitz maps are “asymptotically multiplicative”. 
Again the projective limit B°° is not an algebra under the multiplication modulo compacts, while 
^{Boo) will be shown to be so. 

Remark 5.18 (Filters). A projective-limit multiplication can be defined using any filter uj on N. 
On the C'*-level this corresponds to considering not a subalgebra of Ft,/Fo but a subalgebra of Fb/F^^ 
where F^^ is the ideal consisting of the sequences A, with 

lim ||A„|| = 0. 

OJ 

We recover Fq if uo is the free filter of all cofinite subsets of Nq. Confer [RoStl, §6.2]. 

5.6 The adjoint of the total Toeplitz map 

Lemma 5.19. For A G B(Sji) we have 


J/.o(A) = (pi{A)po- 

and hence, if e denotes the vacuum state restricted to 


£oji,o = 


(5.17) 


The vacuum state e restricted to B°° is equal to e o joo,o and coincides with the limit state (poo ■= 
llca;_^oo , 

^ ^ Joo,0 — 4^00- 

Proof. We use (pm ° Ji,m = (pi for m = 0. This gives (5.17). The rest is obvious. □ 
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We can therefore regard e as a state on the projective limit modulo compact operators as well, 
i.e. on the algebra 7r(,B“) C Fh/ro. 

Recall that the covariant-symbol map is the adjoint of for each m G N. We now show 
that the total Toeplitz map has an adjoint as well. This should be compared with [INTI, Lemma 
2.3]. 

Proposition 5.20. There exists a completely positive map 

r : moo) ^ Boo 

such that, for all X G ^{Boo) and all / G Boo, 

coQ{f*{x*)f) = mixmm)))- ms) 

Explicitly, this map is given by the point-norm limt = limm^oo 

f*{X)= hm mKXp^), VXG<?(Soo), 


and will be denoted by 

Proof. We identify X G f{Boo) with a bounded sequence (X^jmeNo of operators Xm = Xpm G 
B(f)m)- Using the formula (5.16) for the multiplication in 'k{B°°) we have, by norm-continuity of the 
vacuum state, the norm limits 

e(7r(X*)7r(<r(/)))po = (U| lim {f)n)po 

m—¥OQ 

= joo,o{ lim xm^\f)) 
m—¥oo 

= hm Jm,o{xm"^Hf)) 

m—^oo 

= lim m{xm'"Kf))po 

m—¥cc) 

= lim ujQ{m\Xf^)f)po 

m^oo 

= uiq( lim mHxf,)Apo. 

\ m—¥oo / 

Being a point-norm limit of completely positive maps, is completely positive. □ 

Since f is an isometry, g is also the inverse of and we have 

id=<ro^= lim 

m—^oo 


making Remark 4.7 explicit. We have now seen that g : Boo i(Boo) is a complete order isomorphism, 
i.e. a bijective unital completely positive map with completely positive inverse. 

There is also a version of this result on the level of von Neumann algebras. As we shall see in 
6.5.2, for any subproduct system i^,, the weak-*-closed operator system B^ becomes a von Neumann 
algebra when equipped with a SOT-version of the projective-limit multiplication (5.15). When Sj, 
is the G-subproduct system (see §6 below), B°° is an operator system in the group-von Neumann 
algebra 7^(G). 


Corollary 5.21. The total Toeplitz 
vacuum state e on B°° C ,B(53n), 

and similarly 


map f intertwines the state loq on Ai 

UJQ = so 

UJQOg = e, 


t^ujq{Boo)'' with the 

(5.19) 

(5.20) 


Proof. Take A = 1 respectively / = 1 in (5.18) to get (5.19) respectively (5.20). 


□ 
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5.7 as a projective limit 

Theorem 5.22. The operator system ^{Boo) C B°° is a C*-algebra with the multiplication taken 
modulo compacts; indeed Tr{g{Boo)) is isomorphic as a C*-algebra to the inductive limit Boo — 

Remark 5.23. We saw in Lemma 5.14 that the image of g does not contain Lq. On the other hand, 
^{Boo) + To is generated by Ramc alone as a C'*-algebra. The theorem implies that 

<?(/)<?(5) - ^{fg) G To 

even for nontrivial f,g € Boo- These elements do not belong to B°°, which is why we need to apply 
the quotient map TriLh—^-Lh/roin order to obtain an algebra. 

Proof. This is a well-known consequence of the fact that <? : Boo —>■ g{Boo) is a complete order 
isomorphism from a C'*-algebra Boo onto the operator system g{Boo)] see [ArlO, Prop. 2.2]. □ 

Corollary 5.24. The projective-limit multiplication on g{Boo) C Tf, coincides with the multiplication 
on f{Boo) taken modulo Tq. 

Proof. By uniqueness of the C*-algebraic structure we know that any two multiplications on f{Boo) 
compatible with the norm must be isomorphic. But as remarked in §5.5, the exact equality of the 
two products at hand is equivalent to the statement that f is multiplicative modulo Tq, whence the 
result. □ 

Now let us return to the problem of normal ordering in the Toeplitz algebra. 

Proof of Lemma 2.15 (hi). The statement we want to prove is Tij = span{A’f^Af, U/C), where A^A^) 
is the anti-normally ordered part of the Toeplitz algebra. It will be enough to show that the degree-0 
part 

{A*s^Asi + = TT-\7Tif{Boo)) = +ro 

is a C'*-algebra. But we have seen that g{fg) — ?{f)f{g) is in Pq for all f,g G Boo, so the map 
Boo 5 f ^ Tr{f{f)) is a *-homomorphism into Tb/To whose image is thus a C*-algebra and whose 
preimage in Pf, is just (A'^Asj -\- □ 

Recall that it is the normally ordered elements of which are constant under the inductive 
system t,,,. The partial inverse <?(„) : —>■ Bm of the covariant symbol map gives a 

normally ordered “quantization” of Boo, and the image of HmeNo ‘'(™) normally ordered part of 

the Toeplitz core, which is all of 7^°^. In contrast, the projective limit B°° contains (as an operator 

space) only the anti-normally ordered elements in so “Toeplitz quantization” gives the anti¬ 

normal ordering. Lemma 2.15 shows that 7r“^(7r(?(,Boo))) = f{Boo) + Tq nevertheless gives all of 

'T'(O) 

■ 

5.8 Strict quantization 

Some authors ([Hawk3], [Riel], [Sain]) do not require commutativity of the “classical limit algebra” 
in an axiomatic approach to “strict quantization”. Adapting such a definition, we can show that 
what we have done here is a strict quantization. 

Let ^Boc denote the *-algebra generated by the <j(™)(A)’s for all A G B{^m) and all m G No; thus 
°Boo is a dense *-subalgebra (the “algebraic part”) of the inductive-limit C'*-algebra Boo- 

Definition 5.25. The Berezin product on '^Boo is defined for all f,g G '^Boo by 

/ g := {f)g(m) (g)), 
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where —>■ Bm denotes the partial inverse of The Poisson bracket on '^Boo is 

defined by (cf. [Hawkl, §D.l]) 


1 1 - m Am) (m) 

{f, 9 }-= lim ^=(/ * g-g * /)• (5.21) 

Of course we do not expect (5.21) to be a Poisson bracket in the ordinary sense, and {•, •} is not 
likely to be interesting unless 15, is commutative. 

Corollary 5.26. The sequence = {BmA^"^'^)mGNo « strict quantization of^Boc in the 

sense that each is surjective and, for all f,gG ^Boo, 

lim 0^Hfg) - g^^\f)g^^\g)\\ = 0, (5.22) 


(5.23) 

(5.24) 

Proof. We have seen that nog: Boo —>■ is injective, so 

‘?(/)^(ff) - ^ifg) G To, 


lim lk“('")(/)|| = ll/ll, 

m—^oo 

hm ||m-Mcl™l(/),cl’”l(5)]-{/,ff}]||=0. 

m—¥oo 


which is equivalent to von Neumann’s condition (5.22). Rieffel’s condition (5.23) coincides with the 
definition of the norm on B°°. Similarly, the Dirac condition (5.24) is tautology in view of our 
definition of {•, •} in (5.21). □ 

We have seen that a subproduct system ij, comes with a sequence B, = {Bm)me'Mo of finite¬ 
dimensional algebras Bm '■= B(fjm), to which we can add Boo — and two sequences = 

(‘rl'"l)meNo and ^1*1 = (<?l’”l)m6No of positive unital maps 

A^) ■ B B • B B 

S • f-^m " ■^005 S • ■^oo " 


such that cl™! o converges to the identity map on Boo- As in [Sain, Prop. 2.2] we can associate 
to this data a continuous field of C'*-algebras, making explicit the assertion in Remark 4.5. 

Corollary 5.27. The C*-algebra can he identified with the space of continuous sections of the 
continuous field No U {oo} 9 m —>■ Bm, i-e. 


n~i^) 



mGNoU{oo} 


G n 

mNoU{oo} 




hm ^1™1(X™)|. 

m—^oo ) 


Proof. We have seen that c : g{Boo) —>■ Boo can be obtained as 


g{X) = lim g^'^\Xpm)- 


Thus, the C*-algebra of continuous sections of B, consists of the image of g(Boo) under c together 
with the sequences (Am)mgNQU|oo} such that Xoo = 0. Hence the result follows from the facts that 
g(Boo) + To = 7^°^ and that c is an isomorphism. □ 
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5.9 assembled from projective limits 

We now define modules over the projective limit 

Recall that we defined in §4.3 an inductive system t Sji+k)- Define the 

adjoint -t B{^m+k,^ 7 n) of by the property that 

for all X € B{Sji+k,^i) and all Y G B(Sjm,-^m+k)- We deduce that 



Tr(g^) 

Tr(Q/) 


|r|=Z —m 




VX G B(Sji+k,^i), 


(k) 

and that the opertors on which are constant with respect to the system j,., are precisely those 
of the form 4(/) = (c'®(/))ieNo for some / G B^, where 

|j|=;.|ki=i+fe 

Define £(^k) to be the set of 4(/)’s for all / G Boo- Then is an operator system. 

Let Tq^^ be the vector space of sequences of operators in B{Sji+k,^i) which converge to zero as 
I -G oo. 

(k) —fc) 

Proposition 5.28. The vector space + Fq ^ coincides with the subspace ^ of the Toeplitz 

(k) 

algebra. Hence £(k) is a module over the C*-algebra B°°, the module action taken modulo Tq . In 
fact, is isomorphic as a Hilbert bimodule to 

Proof. The first statements are proven in the same way as for k = 0. For the last assertion, note 
that the algebras of compact module operators /Cbcxj and K,B’^{£(k)) are isomorphic, namely 
to Boo — B°°. Hence the modules £(^k) and £^~^'> are isomorphic [Frankl]. □ 

5.10 Commutative case and the Arveson conjecture 

In [Vasl], [Vas3] it was shown that the Cuntz-Pimsner algebra Os (defined in [Pimsl]) of the C{M)- 
Hilbert bimodule £ of continuous sections of a line bundle L —>■ M is isomorphic to the C'*-algebra 
C(Sl) of continuous functions on the total space of the circle bundle Sl associated to L*. Recall 
that in the definition of Og (which is Pimsner’s original one) the tensor products are taken over 
the coefficient algebra C{M). We shall now see that, in the case {M,L) is a projectively induced 
quantization, we can also obtain C{E>m) ■= C{E>l) as the Cuntz-Pimsner algebra Os^ of the associated 
subproduct system ij,. The Hilbert space is the “holomorphic part” of the module £1®'" (where 

C) := C)c(M))- 

Proposition 5.29. Let {M, L) be a polarized (not necessarily smooth) variety and let ij, he a projec¬ 
tively induced quantization of{M,L) (the definition still makes sense in the non-smooth case), and 
endow M with the complex (Hausdorff) topology [Serrel, %2]. Then 

C(SM) = Ofl, (5.25) 

and for all k G Z, 

F(M, L®'=) ^ 

as a Hilbert C{M)-bimodule. In particular, k = 0 gives C{M) as an inductive limit. 
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Proof. As in the general case, is built up from Hilbert modules over 0^°^ and the latter is 
generated by the images of the covariant symbol maps An argument given in [CGRl, §4] 

shows that the ^('"^(A)’s (for all m G No and all A € Bm) separate points. The Stone-Weierstrass 
theorem gives that they form a dense subalgebra of C{M). The inclusion of into ^m+i coincide 
by construction with our and the supremum norm on C{M) is seen to coincide with the 

norm on the inductive limit Boo- Therefore, C{M) = Boo- The result now follows from Theorem 4.12 
and the well-know decomposition of C'(Sm) into the r(M, L®'")’s (see §3.3). 

□ 

Proposition 5.29 was inspired [Hawk2], where the focus lied on the Toeplitz operators. When 
M is smooth we see from the proof of [Hawk2, Lemma 4.2] that the limit state on Boo = C{M) is 
faithful and hence C{M) is also isomorphic to the subset f{Boo) of the projective limit B°° with the 
multiplication taken modulo compacts. For non-smooth M we do not know if the limit state on Boo 
is faithful. 

Note that it is not so obvious that we could recover M completely (as a topological space) from 
S), because the homogeneous coordinate ring iL°(M; L®"*) of M C is not a ring of 

functions on M. The choice of basis on corresponds to a choice of algebra structure on 

the ring C{M) and the inner product on H^{M] to a choice of C'*-algebra structure on C{M), 
but all possible C*-algebra structures obtain in this way are isomorphic. 

In the following we use the terminology from Lemma 3.8. 

Corollary 5.30. Let (M, L) be a polarized manifold and let he a projectively induced quantization 
of (M, L). Then the limit state on C{M) Boo coincides with the unique volume form on M which 
balances the inner product on ij. The Fubini-Study metric FS((-|-)) on L associated with the inner 
product on ij coincides with the *-operation which defines the C* -algebra Osj, and is thus equal to 
the inductive limit of the Hermitian pairings 

^(llm-|-10m) X B{S)rn-\-l-,^m) B(Sjm), {A, B) —t A*B. 

Consequently, {M, L) is balanced if and only if the limit state coincides with the normalized Fubini- 
Study volume form restricted to M C 

Proof. We just have to recall (cf. Lemma 3.8) that the generators Zi,..., of satisfy ^kZl 
1 and that the limit state LOp^ : C{M) — t C satisfies Wpj(Z*Zfe) = dj^kjn. □ 

As mentioned, the existence of the (-j^balancing volume form uip^ is related to the Calabi-Yau 
theorem, and it was previously known that can be obtained using finite-dimensional approxima¬ 
tion [CaKel], [Don3, §2.2]. This procedure comes out automatically in a slightly different guise in 
our approach using inductive limits; the limit state on Boo is a generalization of the volume form 
associated with the Calabi-Yau metric. 

By [Zeldl], the Hermitian metric h on L used to define the inner product on is recovered the 
C^-topology as the m —>■ oo limit of the pullbacks of the Fubini-Study metrics via the Kodaira 
embeddings. In a rather different fashion. Corollary 5.30 gives the Fubini-Study Hermitian metric 
FS((-j-)) on L as a limit of the inner products of the ijm’s. That is, we obtain a Hermitian metric on 
L from a sequence of matrix-valued inner products on Hilbert modules over finite-dimensional matrix 
algebra. These two approximation results are rather similar though since the space of pullback metrics 
with respect to a Kodaira embeddings for iL°(M; L™) identifies with the space of inner products on 
iL°(M;L™). 

As we have seen (recall Proposition 3.6), from the version of Berezin quantization with prequan¬ 
tum condition one obtains a strict quantization of C{M). With projectively induced quantization we 
obtain from Corollary 5.26 a strict quantization of C{M), and we do not require M to be smooth. 

Corollary 5.31. For any projective variety M, the sequence (Bm,^^"^^)mGNo is a strict quantization 
of the dense *-subalgebra of C{M) generated by the g^'^i(Bm) ’s. 
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Finally we arrive at one of the most striking applications of our results, namely to the Arveson 
conjecture (see Remark 2.17). The validity of this conjecture has been proven by other means in 
many cases [DoWa2], [EnEsl]. 

Corollary 5.32. Arveson’s conjecture holds for all homogeneous ideals X C C[zi,..., Zn], i-e. the 
Cuntz-Pimsner algebra Osj of the subproduct system Sj, associated to X (as in Lemma 2.9) is com¬ 
mutative. 

In fact, Corollary 5.32 follows directly from Lemma 2.15 if we use [KeShl, Prop. 4.14]. 


6 Application to compact matrix quantum groups 

6.1 Compact matrix quantum groups 

For the theory of compact quantum groups we refer to [KIS], [MaVD], [Timml]. We shall restrict 
attention to compact matrix quantum groups, defined as follows. 

Definition 6.1 ([WangS], [Worl]). A compact matrix quantum group G is defined by a C*- 
algebra C(G) generated by the entries uj^k of a single unitary matrix u G M„(C) G C(G) (for some 
n G N) such that the map A : C(G) —>■ C'(G) G C'(G) defined by 

n 

Muj,k) ® Ur,k 

r—1 

is a *-homomorphism, and such that the transpose u* is invertible. 

We refer to the generating matrix u as the defining representation of the “group” G. 

The Haar state on C(G) (or the Haar measure on G) is the unique state on C(G) which is 
left G- invariant, in the sense that 


(idO/i) o A(/) = h{f)l. 

The Haar state is always faithful on the *-algebra generated by the uj^s but not necessarily so on 
the norm closure C'(G). There is a canonical construction of a “reduced version” of G, which is a 
compact quantum group with faithful Haar state [BMTl, §2] and has the same dense Hopf *-algebra. 
We shall always work with the reduced version or, what amounts to the same thing, assume that h 
is faithful on all of C'(G). Then ft, is a KMS state [Word]. 

6.1.1 Representations and actions 

Definition 6.2. A representation of G is a corepresentation of C'(G), i.e. an invertible element 
V G B{Sjy) G C'(G), for some Hilbert space Sjy, satisfying (in leg-numbering notation) 

(id(g)A)(u) = V 13 V 23 

as elements of B{Sjy) G B{Sj.v) G C'(G). A representation v is irreducible if the set 

HomG(w,w) := {T G B{Sjy)\{T G l)v = v{T G 1)} 


is trivial. 

Definition 6.3. Two representations v G B{S)y) G C'(G) and w G B{Sjyj) G C'(G) are equivalent, 
denoted u ~ ru, if there is a unitary U : ^ Sjy, such that 

{U G l)w = w{U G 1) 

(in particular, this requires dimi^t, = dimi^u,). We denote by IrrepG the (countable) set of equiv¬ 
alence classes of irreducible representations of G. We choose a representative G B{^\) ® C'(G) 
for each A G G. 
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Definition 6.4. The tensor product of two representations u G B(S))(S>C(G) and v G B(M)(S>C(G) 
is the representation 

u0 V := U 13 V 23 G B(Sj 0M) 0 C(G). 

In particular, u®'" = ui^m+i ■ ■ ■ Mm.m+i is the matrix whose entries in the product basis for is 
given by 

Wj.k = Uj^^ki • • • 

Now let us explain the motivation for the invertible operator Q G B{Si) that we incorporated in 
the Berezin quantization (recall §4.5). 

It is a crucial consequence of the axioms of compact matrix quantum groups that for any finite¬ 
dimensional representation v G B{S)y) 0 C(G) of G, one can find an invertible matrix G B{S)y) 
such that 

V := {Fy 0 l)v‘'{F~^ 0 1 ) (6.1) 

is unitary, where = (u*)* is the matrix whose coefficients are the adjoints of those of v. The 
equivalence class of v is the conjugate of the equivalence class of v (we shall also say that is a 
conjugate of v). The matrix Fy in (6.1) is usually chosen such that Qy := F*Fy satisfies 

Tr(( 3 “^) = Tr(( 5 ^) = dimg(?;), 

and this quantity is the “quantum dimension” of v. We have Qy = {Qy)~^. We shall write Q\ := 
Qu(\) etc. for irreducibles A € IrrepG and we denote by A the conjugate of A. 

Every representation of G decomposes completely into a direct sum of irreducibles. Hence, for 
each pair of irreps A,/i G G there are integers mult(:^, A G /i) G No such that 

G ~ mult(^, A G(6.2) 

i/Girrep G 

Definition 6.5. The equations (6.2) dictate the fusion rules of G. The fusion rules are commu¬ 
tative if 

mult(^, A G /i) = mult(A 0 /r, v), VA, /i, G IrrepG. 

Example 6.6. Compact groups G = G have commutative fusion rules. More generally, q-deformations 
of compact Lie groups have commutative fusion rules because the equivalence class of an irreducible 
representation is determined by the highest weight of the representation. 

The quantum groups in the next two examples are introduced in Definition 6.10 below. 

Example 6.7. For any F, the fusion rules of the quantum group Bu{F) are identical to those of 
SU(2); in particular this is true for SUq(2). These fusion rules in fact characterize the i3„(E)’s among 
compact quantum groups [Ban3, Theoreme 2]. 

Example 6.8. The fusion rules of Ay{Q) are far from commutative, see [Band]. 

Definition 6.9 ([Wangl, Def. 3.1]). A left action of a compact matrix quantum group G on a 
G*-algebra H is a unital *-homomorphism a : B ^ B 0 G(G) such that 

(i) (a G id) o Of = (id GA) o a, 

(ii) (id(g)e) o a = id, where e is the counit on the dense Hopf-*-subalgebra of G(G), and 

(iii) there is a dense *-subalgebra °B of B such that aQB) C^B 0 G°“(G). 

Similarly, a right action of G on H is a unital *-homomorphism a : B ^ G(G) 0 B satisfying the 
obvious analogues of the properties (i), (ii) and (iii). 

If H is a von Neumann algebra then we replace G(G) by its weak closure L°°{G) in the GNS 
representation of the Haar state, and only condition (i) is required in the definition of an action. 
Every unitary representation v G B(Sj) 0 G(G) of G induces a left action of G on B{Sj) given by 

Ady : B{^))B{Sj)0L^{G), Ad„(A) := r;(A 0 l)u*. (6.3) 
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6.1.2 Universal quantum groups 

In the following, for a matrix u with entries in we write for the transpose of m*, i.e. 

'■= u*j k where u* f, is the adjoint of Uj^k in C'(G). 

Definition 6.10 ([WangS], [Band, Def. 1]). Let F G GL(n,C) be an invertible matrix and write 
Q := F*F. The universal unitary quantum group G = Au{Q) is the compact matrix quantum 
group G whose algebra of continuous functions C{G) is generated by the entries of a unitary n x n 
matrix u satisfying the relations making (F 0 l)u'^(F~^ 0 1) a unitary matrix. 

The universal orthogonal quantum group G = Bu{F) is the compact matrix quantum group 
whose algebra C'(G) is the quotient of that of Au{Q) by the relation u = (F 0 0 1 ). 

The prototype example of a Bu{F) is the quantum SUq(2) group G := 811^(2). In general, Bu{F) 
is some kind of higher-dimensional quantum SU(2) group which has no classical counterpart. 

Suppose that HI and G are compact matrix quantum groups such that is a quotient of 

C'(G). If the quotient map tt : C'(G) —>■ C'(]HI) fulfills (tt 0 tt) o Ac = Ah o tt, i.e. if tt intertwines the 
comultiplication of G with that of H, then HI is a quantum subgroup G. We have seen that Bu{F) 
is a quantum subgroup of Au{Q) when F*F = Q. 

The name “universal” is motivated by the following fact, which we should anticipate from (6.1). 

Lemma 6.11 ([VaDW]). Any compact matrix quantum group G is a quantum subgroup of Au{Q) 
for some Q. If G in addition has a self-conjugate defining representation, then C{G) is a quantum 
subgroup of some Bu{F). We write G C Au(Q) and G C Bu{F) C Au(Q) for these cases respectively. 

Let u be the fundamental representation of G C Au{Q), with Q G GL(n,C). Then the elements 
zi := Uk,i, ■ ■ ■ ,Zn ■= Uk,n of the first row of u satisfy the Q-sphere relations 

n n 

{Q~^)r,sZ*Zs, l = '^ZsZl. (6.4) 

r,s=l 

6.1.3 The dual discrete quantum group 

Let G be a compact matrix quantum group such that the GNS representation C'(G) —>■ B{L‘^{G)) of 
the Haar state is faithful. We shall identify C'(G) with its image in B{L‘^{G)) and denote by L°°{G) 
the von Neumann algebra generated by C'(G) in B{L‘^{G)). 

In perfect analogy to the case of ordinary compact groups, the C'*-algebra C'(G) has a Peter— 
Weyl decomposition 

C(G)= 0 B{Sj^r, (6.5) 

AGirrep G 

and the completion Lf{G) of C'(G) in the inner product defined by the Haar state then allows for a 
similar decomposition. The comultiplication A on C'(G) C B{Lf{G)) takes the form 

A{f) = WifGl)W*, V/gC(G) 

for a unitary operator W on Lf{G) G Lf{G) referred to as the multiplicative unitary of G. The 
dual of G is then defined via the (multiplier) Hopf C'*-algebra 

co(G):= 0 B{^x), (6.6) 

A^Irrep G 

with the comultiplication given by 

Mx)X)w, yXGcoiG). 

We denote by p\ the identity in B{Sjx), regarded as an element of co(G). Then the counit e on co(G) 
is characterized by (cf. (2.4)) 

eiX)po = Xpo, VXGco(G), 
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where 0 G IrrepG is the trivial representation. Every irreducible representation of G is obtained 
from W by means of 

= W{p\ G 1). 

The object G is referred to as a discrete quantum group. In the general theory of “locally 
compact quantum groups”, there is a canonical dual quantum group associated also to G, and this 
quantum group is precisely G. In particular, the dual of an ordinary compact group G is a discrete 
quantum group, which is an honest group only if G is abelian. 

The G*-algebra co(G) is contained in the G*-algebra /C of compact operators on L^(G). The 
multiplier algebra of co(G) can be identified with the G*-direct product 

Cb{G) := n 

A^IrrepG 


and the comultiplication A is a map from co(G) into C{,(G) (8)Cb(G). Continuing the analogy with the 
theory of honest groups, we shall denote by 

Cc(G):= 0 B{S)x) 

A^Irrep G 


the algebraic sum, and we denote the weak closure of co(G) in by 

7^(G) =^“(G) Y[ B{^x)- 

A^IrrepG 

This “group-von Neumann algebra” TZiG) is contained in the dual G(G)* of G(G). 

Finally, the algebra of operators on L^(G) affiliated with TZ{G) can be identified with the product 
nAGirrepG'®('^^)’ Containing all (not necessarily bounded) sequences of elements in the B{Sj\ys. Of 
particular importance is the operator Qq := (Q\)\eirrepG, where Q\ is as in §6.1.1. 

From (6.6) we see that the irreducible representations of the G*-algebra co(G) (also referred to 
as the irreducible “corepresentations” of G) are parameterized by A G IrrepG. In fact, if € 
B(Sjx) (g> C(G) is the irreducible representation of G with label A (as in §6.1.1) then 

7rA(X) := (idOA)(w(^)) (6.7) 

is the corresponding irreducible corepresentation of G, where X € co(G) is regarded as a functional 
on G(G). In general, if v is a unitary representation of G then (6.7) defines a representation of G 
by substituting with v. Then the commutant of 7r^(co(G)) in B{Sjy) equals 

the fixed-point subalgebra under the G-action Adt, (recall (6.3)). 

The same equation (6.7) represents any (possibly unbounded) operator X affiliated to TZ{G) on 
B{S]\). For each finite-dimensional representation v of G, 

— Qvi 

where Qy is as in §6.1.1 and Q* denotes its transpose. In particular, Q* commutes with the projection 
onto any irreducible subrepresentation of v. It is well known that A((5 g) = Qg ® Qg, and it gives 

QvG>w — Qv G Qw 

for all finite-dimensional representations v and w. 
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6.2 First-row and first-column algebras 

Throughout this section, G is a compact matrix quantum group. We denote by (u^Sj) the defining 
representation of G. Thus the C'*-algebra CfG) is generated by the matrix coefficients of the unitary 
matrix u G G GfG). Set n := dimfio) and fix an orthonormal basis ei,... ,e„ of so that 
Sj = C”, and let uj^k be the matrix coefficients of u in this basis. 

Definition 6.12. The first-row algebra of G is the C*-algebra CfSc) generated by the first row 
zi := Mi,i, ■ ■ ■, Zn ■= ui^n- This defines the quantum homogeneous space Sg- 

There is a Z-grading on C(Sg) obtained by letting the z^s have degree 1 while their adjoints 
are given degree —1. We write the decomposition into spectral subspaces for the corresponding 
U(l)-action as 

CfSc) = 0 G(Sg)w" 
feez 

Definition 6.13. The quantum homogeneous space G/K is defined as the noncommutative manifold 
corresponding to the C'*-subalgebra of fixed points in CfSc) for the U(l)-action: 

C(G/K) :=C(§g)^°^- 

It is clear that CfG/K) is generated by the elements {ZjZk }'^(but this is obviously not a 
minimal set of generators). 

Example 6.14. If G = G is a compact semisimple Lie group then G/K is a coadjoint orbit and §g is 
a principal U(I)-bundle over G/K. Indeed, let (C/_i,.^_i) be the irreducible unitary representation 
of G with highest weight (—1,0,...,0) and let K be the stabilizer of the complex line spanned by the 
highest-weight vector ^_i. The action U-i of G on is unitary, and hence Hamiltonian for the 
symplectic form given by the imaginary part of the inner product on io_i. The orbit U-i(G) ■ [^-i] 
of the line spanned by is then a Hamiltonian G-homogeneous space, and a characterization of 
coadjoint orbits shows that GjK = U-i{G) ■ [^_i] is a coadjoint orbit. 

The hyperplane bundle over the projectivization restricts to a holomorphic line bundle L 

over G/K and we let Sg be the total space of the principal U(I)-bundle over G/K associated with 
L* (cf. §3.3). A basis for the space of holomorphic sections of L generates G(Sg) and, after fixing 
a basis ej;,..., e* for = C”, such a basis is provided by the coordinate functions zi,... ,Zn of 
CP”“i restricted to G/K. Choosing the basis such that e\ oc we get G/K = G/K and Sg = Sg. 

For example, if G = SU(n) then K = U(I) x SU(n — I) and G/K = G/AT is complex projective 
n-space CP"“^, whereas Ssu(n) = S^"“^ is the unit sphere in C". 

Example 6.15. The preceding discussion carries over to g-deformations of G, and we get that G/K 
is a quantum flag manifold. For G = SUg(n) we obtain quantum projective n-space G/K = CPg“^, 
and Sg is the g-deformed (2n — l)-sphere Sg"“^ (cf. [DDLl]). 

Example 6.16 ([BaGol, Thm. 3.3]). Let G := 0*(n) be the half-liberated orthogonal group. Then 
G(G/K) is in fact commutative and G/K is just the ordinary complex projective n-space CP"“^, 

G(G/K) ^ G(CP”“i). 

The spectral subspaces G(Sg)^^^ for the U(l) action on G(Sg) are Hilbert bimodules over the 
fixed-point subalgebra G(G/K), where the multiplication in the ambient algebra G(Sg) defines left 
and right G(G/K)-valued inner products 

($|?7)right := Cv, (Ch)ieft := ^11* (6-8) 

between elements ^ and 77 in G(Sg)^^^. 

Remark 6.17 (Row vs column). We can also consider the G*-algebra generated by the first column 
elements Wj := uj^i of u (the “first-column algebra”). Everything proven about the first-row algebra 
G(Sg) in this paper has a version where one instead uses the generators of the first-column algebra. 
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Lemma 6.18. The first-row algebra C(Sg) carries an ergodic action of G which contains every 
irreducible representation ofG with multiplicity one. 

Proof. We define a left action C(§g) —>■ C(Sg) 0 (^(G) by restriction of the comultiplication. The 
Peter-Weyl decomposition (6.5) of C(G) gives the decomposition 

C'(Sg)- 0 llA, 

AGirrep G 


and the comultiplication restricts to the irreducible G-representation on each Sjx. □ 

In view of Lemma 6.18 and the above examples, the quantum homogeneous G-space G/K is a 
natural generalization of the g-deformed projective spaces (in particular the standard Podles sphere 
= CP^). In all cases the unique invariant state under the G-action is the restriction to C'(Sg) of 
the Haar state on C'(G). 

6.3 Subproduct systems of G-representations 

The subproduct system associated with a compact quantum group G will be a subproduct in which 
the Hilbert space film is contained in the mth tensor power of the fundamental representation 
fi of G. 

The idea is based on the observation that if u G M„(C) 0 C'(G) is a representation of a com¬ 
pact matrix quantum group G then the Hrst row zi := ui^i,... ,Zn ■= Mi,n of u transforms as the 
representation u under the “left translation” action A of G given by restricting the comultiplication 
A: 

n 

\{zk) := A(zfe) = '^Zj® Uj^k- 
i=i 

The constructions below can easily be made more general but we shall always assume that u is 
irreducible. In fact we shall, for simplicity and concreteness, from now on assume that u is the 
dehning representation of G. Let fi be the n-dimensional Hilbert space with basis vectors zi,. ■ ■ ,Zn. 
In most cases there are subrepresentations of G contained in the tensor product Keeping only 

the largest G-invariant subspace 1^2 of we obtain another irreducible representation of G. 

Indeed, fi 2 can be identified with the span of ZjZk for j,k = 1,..., n, and then is obtained by 
the restricting the comultiplication, just as for u. Continuing like this we obtain a family (^)rra)meNo 
of Hilbert spaces satisfying the subproduct condition (2.1). 

Definition 6.19. Let G be a compact matrix quantum group. The subproduct system fi), just 
described will be referred to as the the G-subproduct system. 

If we dropped the requirement that u generates (7(6) then Dehnition 6.19 makes no use of the 
fact that (7(G) is Hnitely generated, and hence it works for all compact quantum groups. On the 
other hand, if we do not require irreducibility but G is a matrix group, we may always Hnd a self¬ 
conjugate unitary Hnite-dimensional representation u whose coefficients generate (7(G). Indeed, if u 
generates (7(G) then so does u(Bu, and the latter is self-conjugate. If u is self-conjugate and generates 
(7(G), every irreducible representation of G is obtained as film for a unique m G Nq. However, for 
dehniteness we shall always suppose that G is a compact matrix quantum group and that u is the 
defining representation, assumed irreducible. 

Example 6.20. For G = (7 a classical compact Lie group, it is well known that the representation 
fil\+fi with dominant weight A -I- ^ occurs exactly once in the tensor product G filfj., this is the 
“Cartan product” of .^a and fiifj, [Eastl]. In particular, if fii, denotes the (7-subproduct system then 
fi)m-i-i is the Cartan product of film and fii. This subproduct system is commutative, i.e. Sj, C 
and the associated projective variety mentioned in §3.1 is a coadjoint orbit, isomorphic to G/K for 
some closed subgroup K of (7. 
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Example 6.21. The SU (n)-subproduct system coincides with the fully symmetric subproduct system 
(Example 2.2). 

Example 6.22. The G-subproduct system of the universal quantum group G = Au{Q) with positive 
Q G GL(n,C) is the product system because each power u®™ of the defining representation is 
irreducible [Band]. 

Example 6.23. For G = we have self-conjugacy u ~ u [Ban3]. So if u is irreducible then, as 

mentioned above, every A G IrrepG occurs as = Sjrn for some m G Nq. 

The Sjm’s are all irreducible and usually pairwise inequivalent. The only examples where they 
are not all inequivalent are those where C'(G) is finite-dimensional. 

6.4 Berezin quantization of C(G/]K) 

6.4.1 Covariant symbols as first-row matrix coefficients 

Recall the formula (4.9) for the covariant symbol derived in Proposition 4.19. We now observe 
that for any compact matrix quantum groups G, the same formula (with u now being the defining 
representation of G) appears when taking matrix coefficients of the representation Ad(t6^™-’) ~ rtf’”) (g) 
yW on B{Sjrn)- 

Definition 6.24. We say that an element of C'(G/K) is normally ordered if all Zj’s occur to the 
left of the zl’s. 

Lemma 6.25. Suppose that every element in C'(G/K) can be written in normally ordered form. 
Then the C* -algebra C(G/K) can be generated by covariant symbols 

4™)(A) := (Tr®id)((A®l)w(’”)"*(|ef’”)(ef’”|®l)w(™)") (6.9) 

for all A G B(Sjjn) and all m G Nq. 

Proof. Write 4>a ■= Tr(A-). Then the elements 

<;t\A) = {<fA ® id)4W^*(|eD(en ® A G B{^jm) 

form a set which consists exactly of those matrix coefficients of the representation (g) ~ 

uf™) (g) rtf™) which are contained in C'(G/K). □ 

6.4.2 Intertwining the actions 

Let W be the multiplicative unitary of G, i.e. the unitary on L^(G) (g) L‘^{G) implementing the 
comultiplication A (cf. §6.1.3). Then the restriction of W to L^(G/]K) (g) Lf{G) identifies with 

y(N) _ gCfa(G)®C(G). 

We have an action of G on 7?.(G) given by Ad(lT) (i.e. the same formula as for A but now applied 
to elements of a different algebra; of course this action extends to all of B{Lf{G))). The restriction 
of this G-action to yB(i3N) is just Ad(u*^^^). Similarly, the extension of A to B{L'^{G)) restricts to a 
right G-action on L°°(G). 

So we have the following actions of G and G on C'(G/K). 

Definition 6.26. The left G-action : C'(G/K) —>■ C'(G/K) (g) C'(G) is defined by 

a^(4’"^(A)) := (4”"^ Gid)(n(”")(A® l)u(™>) 

for all A G B(Sim) and all m G Nq. The right G-action d® : C'(G/K) —>• Ch(G) (g) (^(G/K) is defined 
by 

a^(4’"\A)) := (id®4™^)(w^'”^*(l ® 
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Lemma 6.27. The map is G- and G-equivariant, 

A 0 4”^) (A) = (6.10) 

Ao4'"^(^) = (6-11) 

The actions and d'^ therefore coincide on C(G/]K) C L°°{G) with the left regular action ofG and 
the right regular action of G, respectively. 

Proof. Let := and cS'^\A) := ® A)u^'^\ We use the defining 

property of a left action, 

(g) id) o = (id®A) o 

Formula (4.9) gives 

(4™^ Gid)(a(™)(gl)) = (Tr®idGid)((a('") 0 id) oa(™)(yl)(|e)")(er| G 1 )) 

= (Tr 0 id 0 id) ((id G A) o a(™) (A) (I e)") (ef I ® 1)) 

= A(Tr® id)(aW(A)(|er)(eri 0 1)) = A o 4”^)(yl). 

The proof of (6.11) is identical, using (idGd*^’”^) o dl™! = (A (g) id) o d^™^. □ 

6.4.3 (^(G/K.) as an inductive limit 

Now we will, for certain compact matrix quantum groups G, realize the first-row algebra C'(G/K) as a 
projective limit B°°. From our previous results we have then obtained C'(G/K) as the U(l)-invariant 
part of the Cuntz-Pimsner algebra of the G-subproduct system. 

Let G C Au(Q) be a compact matrix quantum group (with faithful Haar measure), with Q G 
GL(n,C), and let C'(G/K) be the U(l)-invariant part of the first-row algebra C'(§g)- 

Let io, = be the G-subproduct system and let Of) be its Cuntz-Pimsner algebra. In §5 we 
defined the Toeplitz quantization as a map from to B°°. In that way we could realize an 
isomorphism between = Boo and the projective limit B°^. In this section we shall use the same 
strategy but with a map 

4""^ : C(G/K) ^ B{^m), (6.12) 

i.e. we quantize C'(G/K) instead of We define (6.12) to be the adjoint of the map 4™^ appearing 
in (6.9). We shall in this way obtain an isomorphism between C'(G/K) and B°°, and hence, due to 
Boo — B°°, we will arrive at the following result. 

Theorem 6.28. Assume that normal ordering is possible in C'(G/K). Then there is a C*-isomorphism 
between C(G/IIC) and the G{1)-invariant part of the Cuntz-Pimsner algebra Osj of the G-suproduct 
system: 

C{G/K) ^ 

This isomorphism is given by the total Toeplitz map cg = Yim intertwines the ergodic G- 

and G-actions as well as the G-invariant states. 

Remark 6.29 (Normal ordering). For general G, the map cg maps the normally ordered part of 
C'(G/IK) onto For instance, normal ordering is possible for G = Bu{F) but not for Au{Q). In 
fact, Au{Q) is our only example where cg is not an isomorphism. Commutative fusion rules implies 
normal ordering (recall Definition 6.5). 

So let us begin by defining B°° to be the projective limit of the system {B{Sj,),j,^,), where ij, is 
the G-subproduct system. Here the operator Q on Sj which appears in the construction of B°° (§4.5) 
is taken to be the same as the matrix defining Au(Q) D G, assuming Q is equal to its transpose. 
Thus, B{9)m) is equipped with the ())m-inner product, where (fm = Tr(p4^') state defined by 
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the density matrix := (5m/Tr((5m)- We may therefore regard B°° as a subset of Cf,(G) having 
trivial intersection with co(G). 

From our general results we have an isomorphism ^{Boo) — Boo which realizes the projective limit 
as an inductive limit. We stress again that this isomorphism c is not the same as the map cg which 
we now try to prove is an isomorphism. 

The matrix coefhcients of the operator (/) are of the form 

HzjZ^f), j,k G F+with |j| = m = |k|. (6.13) 

Proof of Theorem 6.28. Since the “coefficient map” in (6.9) is injective, its adjoint is sur¬ 
jective. As in the case of Boo, we get that the image of L°°(G/IIC) under fc, is exactly B°° as a 
set. 

We cannot use the reasoning in the proof of Lemma 5.14 to deduce that <jg is an injection of 
C(G/IK) into the operator system B°°. On the other hand, we see directly that if f{f) = 0 then, 
using that the matrix coefficients of <?(/) are given by (6.13) for all m G N, we get that / must be 
orthogonal to the whole normally ordered part of (^(G/K) C L^(G). Since we have assumed that 
each / G (^(G/IK) can be normally ordered and that that the Haar state is faithful, this means that 

/ = o. 

Moreover, 7r“^(c(yBoo)) is again equal to 7^°^ Namely, the proof in §5.7 carries over completely. 
As before we get that = joc,m- Since we know that f{Boc) is a C'*-algebra (using that it is a 
quotient of the Toeplitz algebra) with a unique multiplication, we obtain the von Neumann condition, 
i.e. is asymptotically a homomorphism (see Corollary 5.24). Thus ? is an isomorphism for the 
projective-limit multiplication. 

We also know that gg intertwines the vacuum state e with the Haar state h restricted to C(G/IK). 
Composing with the isomorphism g : Boo g(^oo) we get that h is intertwined with the limit state 
ujQ. Finally, Lemma 6.27 shows that gig is G-G-equivariant. □ 

6.4.4 C{Sg) as an inductive limit 

Corollary 6.30. Let G be a compact matrix quantum group with faithful Haar measure h : C'(G) —>■ C 
such that normal ordering is possible in C(G/IK). Then there is a G-G-equivariant isomorphism 
between the first-row algebra C(§g) and the Cuntz-Pimsner algebra Os^ of the G-subproduct system, 

C{Sg) = Os^. 

In particular, Osj carries an ergodic action of G in which each irreducible representation of G occurs 
exactly once. 

Proof. For notation simplicity we identify ' with the inductive limit Boo and the modules ' 
with the modules £^^'>. 

Since Boo — C(G/K), we know that there is a basis ei,...,e„ for such that the Q-sphere 
condition (6.4) is satisfied by the generators Zi,..., of just as it is for the generators Z\,... ,Zn 
of C(Sg). This says precisely that Zi,..., Z„ and i Qn^^Zn are standard right and left 

tight normalized frames for the ,Boo-bimodule respectively; for all ^ G £'^^\ 

n 

right — (el?) right, 


k^l k^l 

and identically for C(Sg)^^^ and the Zj’s. If we identify C(G/K) with Boo, this means that the 
projection P^^l G M„(C) G C(G/IK) which defines the module C(§g)^^^ coincides with the projection 
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which defines the module . So the modules are the same and the isomorphism (^(Sg) — C’p is 
clear. 

For the G-G-equivariance, we must first define actions on O^. But since we know that C(§g) — 
Os^ we can just specify these action on generators Zi,..., Z„ by the same formulas as for C(§g)- 
The last statement is due to Lemma 6.18. □ 

6.5 Comparison with Poisson and Martin boundaries 

6.5.1 Poisson integral versus total Toeplitz map 

Let G be a compact matrix quantum group with commutative fusion rules (see Definition 6.5) and 
faithful Haar measure. The Poisson boundary to be discussed here is the one defined in [Izl], so if 
we were phrasing things in terms of random walks (we shall not), there would in the background be 
a representation m of G whose coefficients generate C'(G) (without any need of the adjoints u*^). 

Izumi defines [Izl, Lemma 3.8] the Poisson integral to be the unital completely positive map 
0 : L“(G) ^ 7^(G) given by 

e{f) := {id(g)h){W*il(g) f)W), (6.14) 

where W is the fundamental unitary (§6.1.3). Similar to the projective limit B°° which is the image 
of our total Toeplitz map the image of map 0 is an operator system, usually denoted by iL°°(G), 
which can be made into a von Neumann algebra by replacing the operator multiplication by the 
new one. Moreover, 0 is a complete order isomorphism onto its image. A possible definition of the 
Poisson boundary of G is then as the preimage, say L°°(G/T), of 0 in L°°(G). We then refer to 
the abstract object G/T as the Poisson boundary of G. The notation G/T is chosen to indicate that 
G and G act ergodically on L°“(G/T). 

The Poisson boundary G/T is defined in terms of a von Neumann algebra. In order to compare 
G/T with what we have denoted G/K, note that c extends to a normal completely positive map 
(denoted by the same symbol) 

? : L“(G/IK) ^ (6.15) 

and this is the “first-row” version of the Poisson integral. Using it one can carry out Berezin quan¬ 
tization on the level of von Neumann algebras. Inspiring work here is [INTI]. 

The Poisson integral (6.14) can be decomposed into components 0 a : L°°{G) —>• B{S)\) for 
A e IrrepG, and doing so one easily calculates the adjoints 0^ : B{Sj\) —>■ L°°{G). Noticing 

the similarity to Berezin quantization, [INTI] referred to the composition 0^ o 0 a as the “Berezin 

transform”. This terminology is not entirely fortunate because 0^ o 0 a does not coincide with the 
usual notion of Berezin transform when G = G is an ordinary group. The issue is that 0^ is obtained 
by tracing against the invertible operator Qx (which is of full rank) instead of a rank-1 projection. 
The distinction is the use of “first-row” versus all of G. This distinction persists even if we, as Izumi 
does, assume that every irreducible representation of G is contained in some power of u. 

It is therefore interesting that the final results (G/K and G/T) are not very different. For SUq(2) 
they even coincide. In general, we should view G/K as a (noncommutative) non-maximal flag variety 
(prototype example being CP^“^) while G/T is the maximal flag variety (so T is the “maximal 
torus”); cf. [Toml]. 

The transition between classical and quantum Poisson boundaries is rather involved [NTl]. In 
fact, if G = G is an ordinary compact group then the Poisson boundary is trivial: L°°(G/T) = Cl 
[Izl, Cor. 3.9]. In contrast, Berezin quantization carries over in perfect analogy with the commutative 
case. 

6.5.2 Markov operator 

The set of fixed points of a normal completely positive map 4) on a von Neumann algebra is 

an ultraweakly closed operator system which can be made into a von Neumann algebra by replacing 
the operator multiplication by the so-called “Choi-Effros multiplication” [ArlO, Thm. 3.1], [Iz4]. 
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The new multiplication on the Poisson boundary i7°°(G) mentioned above is just an example 
of a Choi-Effros multiplication. The completely positive map on TZ{G) whose fixed-point set equals 
H°°{G) takes the role of Markov operator for the “noncommutative random walk” on G. 

The following can be summarized by saying that with Berezin quantization one ends up with a 
random walk on the “dual” of G/K instead of the dual of G. Note however that it works for any 
subproduct system ij,. Fix thus a subproduct system Sj, and denote as usual by Pb = rb(,B,) the 
von Neumann-algebraic direct sum of the matrix algebras Bm ■= B{^rn)- 

Definition 6.31. The Markov operator on B, is the unital normal completely positive map 
d) : Pb —>• Tf, defined by 

^(^•) ■— ^* — 1 = 1 (^m))meN- 

Proposition 6.32. The set of^-fixed points inTtiB,) is equal to the projective limit B°°. In 

particular, B°° is a von Neumann algebra. On the subset g(Boo) C B°°, the Choi-Effros multiplication 
coincides with the projective-limit multiplication. 

Proof. The first statement is clear, so B°° is a von Neumann algebra. To prove the last statement 
we use the result [lz3, Cor. 5.2] that the Choi-Effros product of X,Y G is given by 

XoY = lim 

r—¥oo 

where XY is the multiplication in and the limit is in the strong operator topology. Now, the 

mth component oi X oY is 

(Xoy)„ = ( lim <I>^XY))^ = lim Jm+r,U{XY)m+r) 

r—¥oc r—¥oo 

— Jog. mi lim 
r—>-oo 

= ( lim , 

where we used that Xm = joo,m(X) = This shows that o is the projective-limit multiplica¬ 

tion (5.15) whenever we have convergence in norm. Since norm-convergence holds for X = g{f) and 
Y = f{g) with f,g£ Boo, the claim holds. □ 

6.5.3 Martin boundaries 

While the Poisson boundary is a measure-theoretic object defined via a von Neumann algebra, the 
Martin boundary is specified in terms of a C'*-algebra [NTlj. Its relation to Berezin quantization is 
the same ’’first-row versus all-of-G“ story as with the Poisson boundary but we shall discuss only a 
special case in which G/K agrees with the Martin boundary of G. The reason for this coincidence is 
that the defining representation of the chosen G is self-conjugate and irreducible, so that f), contains 
all irreducible representations. 

Our approach here via inductive limits was partially inspired by [VVerl], where they construct a 
“Martin boundary” of the dual of G for G = Bu{F) in the same way. Our notation Boo is chosen to 
make comparison with that paper easy. Let F G GL(n, C) such that FF = ±1; this ensures that the 
dehning representation of G = Bu{F) is irreducible. By construction, the Martin boundary of G is 
equal to the inductive limit Boo of the G-subproduct system. 

In [VaVel], another realization of the Martin boundary was accomplished. First define Bu{F,Fq) 
to be the universal C'*-algebra generated by the entries of a unitary 2 x n matrix Y satisfying 

Y = FqY‘^F-\ ( 6 . 16 ) 

where Fq := ^-1/2 )) with q dehned by \q g”^] = Tr{F*F) and FF = ±g and we wrote 

q = Tkl- It is shown in [VaVel] that the U(l)-action p on Bu{F, Fq) given by 

Pa(E):=(p fjY, VAgC, 1A1 = 1 
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allows recovering the Martin boundary as the fixed-point algebra Bu{F, . 

Since our inductive limit Boo coincides with the Martin boundary of the dual of Bu{F), we know 
(using Theorem 6.28) that Bu{F, Fq)^‘'^'> must coincide with C(G/K). This can be seen directly. Let 
zi,... ,Zn and wi,..., Wn be the elements of the first and second row of Y respectively. Then (6.16) 
reads 

n 

= Vfc = l,...,n. (6.17) 

The action is given by 

P\{zk) = Xzk, P\{wk) = Xwk, 

so the fixed-point algebra consists of elements of the form zjWk, and their adjoints, as well as ZjZ^ 
and WjW^. Now (6.17) shows that Bu{F, Fqp^^'^ = C(G/IK), as asserted. 

Note however that Bu{F, Fq) is not at all the same as the first-row algebra C(§g)- 
Thus we have one example where the Martin boundary of a discrete quantum group identifies 
with the object G/K defined in this paper. Also, let q G (0,1]. Then for the G = SUg(2)-subproduct 
system Sj, we have an equivariant isomorphism 

= C(§2), 

where G/K = is the Podles sphere. For q < 1, this shows again that our inductive limit Boo 
coincides with the C*-algebra referred to as the Martin boundary of the dual of SUg(2) in [VVerl] 
(because the same boundary is known to be the Podles sphere [NTl]). For q = 1, we have agreement 
with Biane’s Martin boundary of the dual of SU(2) [Bianel]. 

7 Concluding remarks 

We have seen that the inductive limit Boo associated with a subproduct system is a sensible 
generalization of the C'*-algebra C{M) of continuous functions on a quantizable Kahler manifold, 
in the case the Kahler structure is projectively induced (so M is embeddable as a submanifold of 
projective space). We may therefore write 


C'(M) := Boo. 

and say that M is the noncommutative projective variety associated to Ij,. We may also refer 
to elements of 

^(Sm) :=Ofl. 

as functions on the total space Sm of a noncommutative circle bundle over M. Thus the notation 
M := G/K and Sm := Sg would be consistent with that in §6 when is the G-subproduct system. 
In [An5] we refer to M as the “dequantization manifold”. 

By defining C'(M) to be equal (and not just isomorphic) to the inductive limit Boo. the non¬ 
commutative space M comes with more structure than just its topology. Namely, if M = M is 
commutative then the inductive system gives an embedding into projective space CP"“^ and, if M 
is non-singular, endows M with a complex-analytic (in particular smooth) structure, a polarization 
L (choice of ample line bundle), an inner product on H^{M]L) (the one we started with, making 
H'^{M;L) into the Hilbert space ij), a Hermitian metric on L (the one defining the *-structure on 
Of,; this is just the Fubini-Study metric associated with the inner product on ij) and a volume 
form on M (viz. the limit state, which need not be the same as Fubini-Study volume form). As we 
have seen, these structures have perfect generalizations to the noncommutative setting. Note that 
the quantum homogeneous spaces G/K are “balanced” in the sense that the limit state on (^(G/K) 
coincides with the state induced by the Haar state on C(G). 

The covariant symbols ^*^™)(A) and the Toeplitz operators ?^’"^(/) can be expressed in terms of 
the projections pl™) G H(ijm) G C'(M) which define the modules In this way one generalizes 
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the Rawsnely coherent-state projections in [RCGl], and in particular the coherent states in [Perl], 

We will use this when we discuss the (fuzzy) geometry of M in another paper. 

There are also projections and maps etc. associated with the modules . 

In this way one quantizes instead the anti-normal part of (^(G/K). 
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